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1915-2004

Hayk Va�ar�aki Badalyan� �nvel � 1915 �. hownisi 22-in Kotayqi
marzi Nor Gyow�owm: 1927-28 ��. �ntaniq� te�a�oxvowm � Er an,



orte� sovorowm  avartowm � dproc�, �lektratexnikakan owsowmna{
ran� ew 1936-in �ndownvowm � Er ani petakan hamalsarani fizika-
-ma�ematikakan fakowltet: Diplomayin a�xatanq�, EPH avar{
takan qnnow�yownner� ew Hayrenakan me� paterazmi skizb� kar�es
mia�amanak en te�i ownenowm 1941 �vakanin: Arhavirqi skzbic H.V.
Badalyan�, in�pes kamavor, hamalrowm � Sovetakan zinow�� ew �a{
�ayowm � banaki �ikownqayin storaba�anowmnerowm min� 1943 �. verj�:
1944-47 ��. �arownakowm � owsowmna�ow�yown� Moskvayi petakan ha{
malsarani aspirantowrayowm, orte� �l 1947 �. hajo�ow�yamb pa�t{
panowm � <�ndhanracva� faktorial �arqer> �emayov �ekna�owakan
�ez�:
Verada�nalov hayreniq, H.V. Badalyan� a�xatanqi � ancnowm Ere{
vani A.A. 	danovi anvan �owsakan mankavar�akan institowtowm`
orpes ma�ematikayi ambioni vari�, hamate�elov mankavar�ow�yown�
gitahetazotakan gor�owneow�yan�` HXSH GA ma�ematikayi ins{
titowtowm:
<Analitik ew qvazianalitik fownkcianeri tesow�yan oro� harcer>
�emayov doktorakan �ez�, or� H.V. Badalyan� pa�tpanowm � 1956
�vakanin Moskvayi petakan hamalsaranowm, bar�r � gnahatvowm
�ana�va� gitnakanneri ko�mic: Aha mi qani artahaytow�yownner.
profesorner S.N. Mergelyan  A.I.Markow� i�` <..H.V. Badalyan� sta{
cel � Karlemani (T. Carleman) problemi �fektiv low�owm miangamayn
nor me�odneri �norhiv..>: Profesor A.�. Gelfond` <H.V. Badalyan�
m�akel � qvazianalitik fowncianeri mi aynpisi aparat, or� hna{
ravor � dar�nowm ayd tipi fownkcianeri �egowlyar hetazotowmner�>:
Profesor I.P. Natanson` <..H.V. Badalyani qvazianalitik fown{
cianeri tesow�yan hetazotow�yownner� in�pes  ayd ta�andavor
gitnakani ayl a�xatanqner� nerkayacnowm en baca�ik hetaqr{
qrow�yown..>:
I het anq 1957 �. �owsakan mankavar�akan institowti fizma�
fakowlteti miacowmn ErPet hamalsaranin, H.V. Badalyani hetaga
gitamankavar�akan gor�owneow�yown� kapvowm � EPH fiz-ma� (ner{
kayowms ma�ematikayi) fakowlteti het: 1960 �. nran �norhvowm �
profesori ko�owm: 1978-87 ��. H.V. Badalyan� �ekavarowm � Ma�e{
matikakan analizi ambion�, zowgakcelov ayd a�xatanq� <Ma�e{
matika> mijbowhakan te�ekagri glxavor xmbagri pa�toni het:
Ayd tarinerin �ndlaynvowm  a�avel �ndgrkown � da�nowm profesori
gitakan naxasirow�yownneri �rjanakner�` anverj diferenceli fownk{
cianer, qvazianalitik fownkcianeri daser, asimptotik verlow�ow{
�yownner, �r�ogonal hamakarger, Owin�neri korizov integralayin
� a�oxow�yownner, ankyownayin tirowy�nerowm Gelfond-
ilovyan tipi
xndirneri miakow�yown, ambo�j ew qvazi-ambo�j fownkcianeri verlow{
�ow�yownneri lakownarow�yan  bi�r�ogonal hamakargeri harcer:



Qvazianalitik daseri tesow�yownowm, nor motecowmneri  yowraha{
towk texnikayi �norhiv, H.V. Badalyanin hajo�vowm � a�ajadrel  
low�el mi �arq himnaxndirner: Ayd ardyownqner� handisanowm en haytni
ma�ematikosner Va�soni (G.N. Watson), Boreli (E. Borel), Man{
delbroyti (S. Mandelbrojt), Gelfondi (A.O. Gelfond)  ayloc a�xa{
tanqneri �arownakow�yownn: Akna�ow gitnakan� kar or ardyownqner
� stacel na anverj diferenceli fownkcianeri tesow�yan, Myownci
(Ch. Muntz) sistemi bazmandamnerov motarkman, �eyloryan
(B. Teylor) tipi bana� eri ka�owcman, �a�e�ayin tipi integra{
layin � a�oxow�yownneri, �r�ogonal hamakargeri ka�owcman ew �at
ayl bnagava�nerowm:
H.V.Badalyani mot 80 gitakan a�xatow�yownner� hratarakvel en
haykakan, naxkin SSHM kentronakan ma�ematikakan amsagrerowm,
Evropayi ew AMN-i a�ajatar ma�ematikakan handesnerowm: Dran{
cowm �aradrva� a�avel ar�eqavor ardyownqnern, ayd �vowm ew vern
arden n�va� anvanakan problemner�, am�o�vel en <Naowka> hra{
tarak�ow�yan ko�mic 1990�. hratarakva� <Qvaziasti�anayin �arq
 fownkcianeri qvazianalitik daser> menagrow�yownowm:
N�va� menagrow�yown� 2002-in hratarakvel � AMN-owm Amerikyan Ma{
�ematikakan Miow�yan (American Mathematical Society) ko�mic
<Quasipower Series and Quasianalytic Classes of Functions> verna{
grov: I tarberow�yown moskovyan hratarakow�yan, angleren tarbe{
rak� �ndgrkel � he�inaki ko�mic verjin tarinerin stacva� lracowci�
nyow�er, oronq verabervowm en anverj diferenceli fownkcianneri da{
sakargman problemin, bacahaytowm en qvaziasti�anayin �arqeri
bacar�ak zowgamitow�yan paymanner�  analitik fownkcianneri
o� �rjanayin tirowy�owm qvaziasti�anayin �arqerov nerkayacman
hnaravorow�yown�:
�st Amerikyan Ma�ematikakan Miow�yan xmbagir Jeyms Sta�effi,
<H.V. Badalyani menagrow�yan mej nerkayacva� qvaziasti�anayin
�arqeri veraberyal texnikan hnaravorow�yown � talis �ndlaynel ar{
den haytni ardyownqner�  lowsabanel nranc bnowy�� yowrahatowk ker{
pov: Bolor n�va� owsowmnasirow�yownnern a�qi en �nknowm o� miayn x�n{
dirneri inqnatip drva�qov, ayl low�man nor  , orpes kanon �fektiv
ow verjnakan ardyownqnerov: He�inaki me�odner� �n�e�owm en layna{
�aval ste��agor�akan hnaravorow�yownner eritasard ma�emati{
kosneri hamar>:
Avelacnenq, or grqi hratarakowmic heto profesor H.V. Badalyan�
�ntrvec AMN ma�ematikakan miow�yan iskakan andam, isk mena{
grow�yown� nerkayowms �gtagor�vowm � orpes seminarneri �e�nark Ka{
liforniayi Texnologiakan Institowtowm:
Angnahateli � H.V. Badalyani der� Hayastani ma�ematikakan
dproci ste��man  eritasard ma�ematikos kadreri patrastman



gor�owm: Nra gitakan �ekavarow�yamb nerkayacvel  pa�tpanvel
en �ekna�owakan �ezer:
Bavakanin a�ajaca� tariqowm profesor H.V. Badalyan� hava{
tarim mnalov ste��agor�o� gitnakani ir bnowy�in �arownakowm �r
ste��agor�el  hraparakel nor a�xatow�yownner:
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Ternary hyperidentities of associativity
defined by the equality

((x, y, z), u, v) = (x, y, (z, u, v))

L.R. Abrahamyan

Artsakh State University, Artsakh
E-mail: liana abrahamyan@mail.ru

Beginning at the 1960s, the following formula from a second-order lan-
guage with specialized quantifiers have been studied in various domains
of algebra and its applications:

∀X1, . . . , Xm∀x1, . . . , xn(W1 = W2), (1)

where w1, w2 are terms (words) in the functional variables X1, ..., Xm and
in the object variables x1, ..., xn. This formula is called ∀(∀)-identity or
hyperidentity. For simplicity the hyperidentity is written without the
quantifier prefix, i.e. as an equality: w1 = w2. The number m is called
functional rank and the number n is called object rank of the given hy-
peridentity. A hyperidentity is said to hold (or satisfied) in an algebra
(Q;U) if the equality w1 = w2 is valid when every object variable and
every functional variable in it is replaced respectively by any arbitrary
element of Q and any operation of the corresponding arity from U (it is
assumed that such replacement is possible).

Theorem 1. If in a nontrivial invertible algebra a nontrivial hyperidentity
of associativity is satisfied, which is defined by the equality:

((x, y, z), u, v) = (x, y, (z, u, v)),

then every functional variable is repeated in it at least twice. There-
fore,each of such hyperidentities can only be of functional rank 2 and one
of the following types:

1.X(Y (x, y, z), u, v)) = Y (x, y,X(z, u, v)),

2.X(X(x, y, z), u, v)) = Y (x, y, Y (z, u, v)),

3.X(Y (x, y, z), u, v)) = X(x, y, Y (z, u, v)).

Then we obtain characterizations of the ternary invertible algebras
with these hyperidentities.
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Density function of the distance between
two random points in a convex set

N.G. Aharonyan

Yerevan State University, Armenia
E-mail: narine78@ysu.am

Let D be a bounded, convex domain in the Euclidean plane, with the
area ‖D‖ and the perimeter |∂D|. Let P1 and P2 be two points chosen at
random, independently and with uniform distribution in D. We are going
to find the density function of the distance ρ(P1, P2) between P1 and P2.

Firstly, we find the distribution function Fρ(x) of ρ(P1, P2). By defi-
nition,

Fρ(x) =
1

‖D‖2

∫∫
{(P1,P2):ρ(P1,P2)≤x}

dP1 dP2, (1)

where dPi, i = 1, 2 is the Lebesgue measure in the plane R2.
From the expression of the area element in polar coordinates we have

dP1 dP2 = r dP1 dr dϕ, (2)

where ϕ is the angle between the line through the points P1, P2 and the
reference direction in the plane. If we leave r fixed, then dP1 dϕ is the
kinematic density for the segment P1P2 of length r.

Using (2) we can rewrite (1) in the form:

Fρ(x) =
1

‖D‖2

∫ x

0

rK(D, r) dr, (3)

where K(D, r) is the kinematic measure of all oriented segments of length
r that lie inside D. Therefore, we obtain a relationship between the
density function fρ(x) of ρ(P1, P2) and the kinematic measure K(D, r):

fρ(x) =
xK(D, x)

‖D‖2
. (4)

Note that we can calculate the kinematic measure of all unoriented seg-
ments that lie inside D and then the result multiplied by 2.

As it is well-known (see [1], [2]), the solution of the problem on find-
ing the kinematic measure K(D, r) of segments with constant length r,
contained in D, is not simple and essentially depends on the form of D.
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Explicit expressions for K(D, r) are known only in two cases (see [1], [6])
in a disc and a rectangle.

In the paper [3], a formula for the kinematic measure K(D, r) of sets
of segments with constant length r entirely contained in D is obtained.

fρ(x) =
1

‖D‖2

[
2π x ‖D‖ − 2x2 |∂D|+ 2x |∂D|

∫ x

0

FD(u) du

]
, (5)

where FD(·) is the chord length distribution function for the domain D.
The obtained formula permits to calculate the mentioned kinematic mea-
sure K(D, r) by means of the chord length distribution function of D.
Therefore if we know the explicit form of the chord length distribution
function for a domain, using (5) we can calculate density function fρ(x)
of the distance between two random points in D. In [5] the explicit form
of the chord length distribution function is given for any regular polygon.
Consequently, density fρ(x) can be calculated for any regular polygon by
applying the result of [5] (see also [4]) and formula (5).
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On properties of the spectral data of
Sturm-Liouville boundary-value problems

Yu. Ashrafyan

Yerevan State University, Armenia
E-mail: yuriashrafyan@ysu.am

Introduction. We consider the Sturm-Liouville operator

` := − d2

dx2
+ q(x), (1)

with boundary conditions

y′(0) + y(0) cotα = 0, (2)

y′(π) + y(π) cotβ = 0, (3)

where α, β ∈ (0, π) and q is a real-valued functions which is integrable
on [0, π] (we write q ∈ L1

R[0, π]). By L(q, α, β) we denote the self-adjoint
operator, generated by problem (1)-(3). It is known, that under these
conditions the spectra of the operator L(q, α, β) is discrete and consists
of real, simple eigenvalues, which we denote by µn = µn(q, α, β), n =
0, 1, 2, . . . , emphasizing the dependence of µn on q, α and β.

Let ϕ(x, µ, α, q) and ψ(x, µ, β, q) be the solutions of the operator (1),
which satisfy the initial conditions

ϕ(0, µ, α, q) = 1, ϕ′(0, µ, α, q) = − cotα,

ψ(π, µ, β, q) = 1, ψ′(π, µ, β, q) = − cotβ,

respectively.
It is easy to see that the functions ϕn(x) := ϕ(x, µn, α, q) and ψn(x) :=

ψ(x, µn, β, q), n = 0, 1, 2, . . . , are the eigenfunctions, corresponding to the
eigenvalue µn.

The squares of the L2-norm of these eigenfunctions divided by sin2 α
and sin2 β respectively:

an = an(q, α, β) :=

∫ π

0

|ϕn(x)|2

sin2 α
dx, n = 0, 1, 2, . . . ,

bn = bn(q, α, β) :=

∫ π

0

|ψn(x)|2

sin2 β
dx, n = 0, 1, 2, . . .
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are called norming constants.
The inverse problem by “spectral function” is the reconstruction of the

problem L(q, α, β) from the spectra {µn}∞n=0 and the norming constants
{an}∞n=0 (or {bn}∞n=0). The two sequences {µn}∞n=0 and {an}∞n=0 together
will be called the spectral data. Necessary and sufficient conditions for two
sequences {µn}∞n=0 and {an}∞n=0 to be the spectral data for some Sturm-
Liouville problem are well known. In this thesis we state the question:

what kind of sequences {µn}∞n=0 and {an}∞n=0 should be to become
the spectral data for problem L(q, α, β) with q ∈ L2

R[0, π] and in advance
fixed α and β in (0, π)?

Our answer is in the following assertions.

Theorem 1. Let q ∈ L2
R[0, π] and α, β ∈ (0, π). Then for norming con-

stants an = an(q, α, β) and bn = bn(q, α, β) satisfy

1

a0
− 1

π
+

∞∑
n=1

( 1

an
− 2

π

)
= cotα, (4)

1

b0
− 1

π
+

∞∑
n=1

( 1

bn
− 2

π

)
= − cotβ. (5)

Theorem 2. For a real increasing sequence {µn}∞n=0 and a positive sequence
{an}∞n=0 to be spectral data for an operator L(q, α, β) with a q ∈ L2

R[0, π] and
fixed α, β ∈ (0, π) it is necessary and sufficient that the following relations hold:

√
µn = n+

ω

πn
+
ωn
n
, ω = const, {ωn}∞n=0 ∈ l2, (6)

an =
π

2
+
κn
n
, {κn}∞n=0 ∈ l2, (7)

1

a0
− 1

π
+
∞∑
n=1

( 1

an
− 2

π

)
= cotα, (8)

a0

π2 ·
(∏∞

k=1
µk−µ0

k2

)2 − 1

π
+

+

∞∑
n=1

( ann
4

π2[µ0 − µn]2
(∏∞

k=1,k 6=n
µk−µn
k2

)2 − 2

π

)
= − cotβ. (9)
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On weighted Dirichlet spaces in the ball

K. Avetisyan
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E-mail: avetkaren@ysu.am

The weighted Dirichlet spaces of holomorphic or harmonic functions on
the complex plane are well studied, for example, the monograph [1]. We
define and study some analogues of weighted Dirichlet spaces for mono-
genic functions with values in the reduced quaternions, see [2]. The scale
of weighted Dirichlet spaces somewhat differs from that of classical ones.
Some sharp inclusions are established for monogenic and harmonic Dirich-
let spaces. Corresponding counter-examples are given.
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On index invariance of semi-elliptic operator

A.A. Darbinyan, A.G. Tumanyan

Russian-Armenian Slavonic University, Armenia
E-mail: armankri@yahoo.com, ani.tumanyan92@gmail.com

Introduction. This paper is devoted to research on Noethericity and the
invariance of the index of semi-elliptic operator on the scale of anisotropic
spaces.

Noethericity (see [1]) in smooth compact manifolds is proven for elliptic
operators [2], formula is obtained for the index in topological terms [3]. In
[2], as a consequence, the invariance of the index on the scale of Sobolev
spaces defined on compact manifolds is obtained.
For semi-elliptic operators previously were obtained following main re-
sults. The class of semi-elliptic operators with constant coefficients in Rn

is described [4], Noethericity is proven for one class of semi-elliptic oper-
ators with variable coefficients in weighted Sobolev spaces [5].
Let

P (x,D) =
∑

(α:ν)≤s

aα(x)Dα,

where α, ν ∈ Zn+, ν 6= 0, (α : ν) = α1

ν1
+ ... + αn

νn
, s ∈ N, Dα =

Dα1
1 ...Dαn

n , Dk = i ∂
∂xk

, x = (x1, ..., xn) ∈ Rn, n ≥ 2, aα(x) are in-
finitely differentiable and bounded together with all derivatives.
By Ps(x,D) denote principal part of differential expression P (x,D) and
let σs (x, ξ) be the symbol of principal part.
For k ∈ R, ν ∈ Zn+, let Hk

ν (Rn) denote

Hk
ν (Rn) ≡ {u ∈ S′ : ‖u‖k,ν(Rn) =(

∫
Rn
|û(ξ)|2(1 + |ξ|ν)2kdξ)1/2 <∞},

where |ξ|ν = (
∑n
i=1 |ξi|2νi)1/2, S

′
is the space of generalized functions of

slow growth, û is Fourier transform of u.
Let Ω ⊂ Rn be some domain. Denote by Ḣk

ν (Ω) completion of C∞0 (Ω)
with the norm of Hk

ν (Rn) .

Definition 1. We say that P (x,D) is semi-elliptic at x = x0, if

σs (x0, ξ) 6=0,∀ξ∈Rn, |ξ| 6=0.

Definition 2. We say that P (x,D) is uniformly semi-elliptic, if there
exists a positive constant C, such that

17



|σs (x, ξ)| ≥C |ξ|sν ,∀x∈Rn,∀ξ∈Rn.

We will use following notations for P (x,D):

∆ (P ) = max
(α:ν)=s

sup
x∈Rn

|aα (x)− aα (0)| , δ = inf
|ξ|sν=1

|σs (0, ξ)|.

In this work following theorem on the sufficient condition for the invari-
ance of the index and Noethericity preserving is proved:

Theorem 1. Let P (x,D) : Hk+s
ν (Rn)→ Hk

ν (Rn) be semi-elliptic oper-
ator at x = 0, k0 is some fixed positive number and there exists a positive
number ε0, depending on k0 HD δ, such that ∆ (P ) < ε0 . Then for arbi-
trary k1 HD k2, such that k1, k2∈ [0, k0] and k1 < k2 following applies:

if P (x,D) : Hk1+s
ν (Rn) → Hk1

ν (Rn) is Noetherian, then P (x,D) :
Hk2+s
ν (Rn)→ Hk2

ν (Rn) is also Noetherian and indk1 (P ) = indk2 (P ).

For uniformly semi-elliptic operator the following is proved:

Theorem 2. Let P (x,D) : Ḣk+s
ν (Ω) → Ḣk

ν (Ω) be uniformly semi-
elliptic operator. If the operator P (x,D) : Ḣk1+s

ν (Ω) → Ḣk1
ν (Ω) is

Noetherian for some value k1, then P (x,D) : Ḣk+s
ν (Ω) → Ḣk

ν (Ω) is
Noetherian for any k, and indk (P ) does not depend on k.
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On cyclability of Hamiltonian digraphs
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Terminology and notations not described below follows [1]. We consider
finite digraphs without loops and multiple arcs. Every cycle and path is
assumed simple and directed.

Let D (G) be a directed graph D (an undirected graph G) of order
n and let S be a nonempty subset of D (G).The subset S is said to
be cyclable in D (in G) if D (if G) contains a directed cycle (undirected
cycle) through all the vertices of S. We say that a digraph D is S-strongly
connected if for any pair x, y of distinct vertices of S there exists a path
from x to y and a path from y to x in D. A Meyniel set M is a subset
of vertices of D such that d(x) + d(y) ≥ 2n − 1 for every pair of distinct
vertices x, y in M which are nonadjacent in D.
There are many well-known conditions which guarantee the cyclability of
a set of vertices in an undirected graph. Most of them can be seen as
restrictions of Hamiltonian conditions to the considered set of vertices (
[2],[3] and [4]). For general directed graphs (digraphs) there are not in
literature as many conditions as for undirected graphs that guarantee the
existence of a directed cycle with given properties (in particular, sufficient
conditions for the existence of a Hamiltonian cycles in a digraphs). The
more general and classical ones is Meyniel’s theorem.

Theorem A (Meyniel [6]). Let D be a strongly connected digraph of or-
der n ≥ 2 and d(x) + d(y) ≥ 2n − 1 for all pairs of nonadjacent vertices
in D. Then D is Hamiltonian.

Recall that Meyniel’s theorem is a common generalization of well-
known classical theorems of Ghouila-Houri and Woodall (e.g., see [1]).

Sufficient conditions for cyclability in digraphs with the condition of
Meyniel’s theorem was given by Berman and Liu [2] and by H. Li, Flandrin
and Shu [4].

Theorem B (Berman and Liu [2]). Let D be a strongly connected digraph
of order n. Then every Meyniel set M lies in a directed cycle.

Theorem C (H. Li, Flandrin and Shu [2]). Let D be a digraph of order
n and M be a Meyniel set in D. If D is M -strongly connected, then D
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contains a cycle through all the vertices of M .

Theorem C is generalize Theorem B. Theorems B and C also is a
common generalization of theorems of Ghouila-Houri and Woodall.

Let D be a digraph of order n. Following [5], we say that a nonempty
subset Y of vertices of D satisfies condition A0 if for every triple of the
vertices x, y, z in Y such that x and y are nonadjacent: If there is no arc
from x to z, then d(x) + d(y) + d+(x) + d−(z) ≥ 3n− 2. If there is no arc
from z to x, then d(x) + d(y) + d−(x) + d+(z) ≥ 3n− 2.
Manoussakis [5] proved the following sufficient condition for hamiltonicity
of digraphs.
Theorem D (Manoussakis [5]). Let D be a strongly connected digraph D
of order n ≥ 4. If the vertex set of D satisfies the condition A0, then D
is Hamiltonian.
H. Li, Flandrin and Shu [4] was put a question to know if this theorem
of Manoussakis has a cyclable version. We prove the following theorem
which gives a answer for above-mentioned question of H. Li, Flandrin and
Shu and is best possible in some sens.
Theorem . Let D be a digraph of order n and let Y be a nonempty subset
of vertices of D. Suppose that D is Y -strongly connected and the subset
Y satisfies condition A0. Then D contains a cycle through all the vertices
of Y may be except one.
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Direct Products and Reduced Products of
F-Algebras
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Introduction. Fuzzy approaches to various universal algebraic concepts
started with Rosenfeld,s fuzzy groups [1]. Since then, many fuzzy alge-
braic structures have been studied (vector spaces, rings, etc.). Another
fuzzy approach to universal algebras was initiated by Bĕlohl avek and Vy-
chodil [2], who studied the so-called algebras with fuzzy equalities and
developed a fuzzy equational logic. The problem of development of alge-
bras with fuzzy operations is formulated in ([2], P: 136).

F-Algebras. In our talk we will use complete residuated lattices L =
〈L,∧,∨, 0, 1〉 as the structures of truth values. An L-fuzzy set of X is a
mapping µ : X → L and the set of all L-fuzzy sets of X is denoted by
LX . An n-ary L-relation of X is a mapping r : Xn → L.

Definition 1. An L− equivalence (fuzzy equivalence) relation E on a
set X is a mapping E : X ×X → L satisfying

1. E(x, x) = 1 (Reflexivity),

2. E(x, y) = E(y, x) (Symmetry),

3. E(x, y)⊗ E(y, z) ≤ E(x, z) (Transitivity),

for every x, y, z ∈ X. An L − equivalence E on X where E(x, y) =
1 implies x = y will be called an L − equality (fuzzy equality). L −
equalities will usually be denoted by ≈.

Definition 2. Let ≈M be a fuzzy equality on M . An (n+1)-ary fuzzy
relation r on a set M is called an n-ary fuzzy operation w.r.t. ≈M and
≈Mn

if we have the following conditions
Extensionality:
(p ≈Mn

p′)⊗ (y ≈M y′)⊗ r(p, y) ≤ r(p′, y′) ∀p, p′ ∈Mn, ∀y, y′ ∈M,
Functionality:

r(p, y)⊗ r(p, y′) ≤ y ≈M y′ ∀p ∈Mn, ∀y, y′ ∈M,
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Fully- defined: ∨
y∈M

r(p, y) = 1 ∀p ∈Mn,

where (a1, · · · , an) ≈Mn

(b1, · · · , bn) =
∧n
i=1(ai≈Mbi). We say that ρ is

a fuzzy operation on M with arity n.

Definition 3. An algebra (structure) with fuzzy operations of type τ =
〈≈, R〉, (consisting a binary relation symbol ≈ is called a symbol for fuzzy
equality and a set R of symbols of operations, and ≈/∈ R), is a triplet
M = 〈M,≈M, RM〉 such that

1. ≈M is a fuzzy equality on the set M ,

2. RM is a set of fuzzy operations on the set M .

Definition 4. Let I be an index set and F a filter on I. A reduced
product of a family {Mi | i ∈ I} of algebras with fuzzy operations Mi =
〈Mi,≈Mi , RMi〉 of type 〈≈, R〉 is an algebras with fuzzy operations∏

i∈I
Mi = 〈

∏
i∈I

Mi,≈
∏
i∈IMi , R

∏
i∈IMi〉 (1)

such that for every (n+ 1)-ary fuzzy relation r
∏
i∈IMi ∈ R

∏
i∈IMi and

a1, · · · , an, y ∈
∏
i∈IMi we have

rΠi∈IMi(a1, · · · , an, y) =
∨
X∈F

∧
i∈X

rMi(a1(i), · · · , an, (i), y(i)),

and

(a ≈
∏
i∈IMi b) =

∨
X∈F

∧
i∈X

a(i)≈Mib(i)

for all a, b ∈
∏
i∈IMi. (a(i) is the i-th coordinate of a).

If F = {I}, we obtain the direct product of F -algebras.

In our talk we will present some properties of direct products and
reduced products of F -algebras.

References

[1] A. Rosenfeld, Fuzzy groups. J. Math. Anal. Appl., 35(3), 512-517,
1971.
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On the isomorphism of heat operator in
spaces with quasi-homogeneous norm
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E-mail: davtyan-an@mail.ru

Let Rn be the Euclidean space with points x = (x1, x2, . . . , xn), r =

(r1, r2, . . . , rn) a vector with positive components, 1
r∗ = 1

n

n∑
1

1
rj

, and λ =

(λ1, λ2, . . . , λn), where λj = r∗

rj
, j = 1, 2, . . . , n. By ρ(x) we denote the

function, positive for x 6= 0, defined implicitly by the equality
n∑
i=1

x2
i ρ
−2λi = 1.

It is natural (see [4]) to denote the completion of C∞0 (Rn) in the norm

‖f‖ =
∥∥∥F−1

(
ρr
∗
(ξ)Fϕ(ξ)

)∥∥∥
p
, 1 < p <∞,

by the simbol ẇrp (see also [1] and [2]) and called space with quasihomo-
geneous norm, or space of anisotropic potentials.

If r∗ < n
p , then ẇrp is the spase of functions representable with anisotropic

potentials. When r∗ > n
p the spase ẇrp is no longer a function space; its

elements are classes in which functions that differ by a corresponding
polynomial are identified (see [3], [4]).

When r1 = r2 = · · · = rn = 0 we set ẇrp = Lp(R
n). The space ẇ−rp

is defined as the dual of ẇrp. Suppose also that ẇ2s,2s,...,s
p = ẇ2s,s

p , and
ẇrp,+ through the subspace of ẇrp consisting of factor-classes containing a

distribution with support in the R̄n+ = {(x1, x2, . . . , xn−1), t > 0}.
Heat operator denoted by

T = −∆x +
∂

∂t
,

where ∆x is the Laplasian applied to the variables x1, x2, . . . , xn−1. As
shown in [5] operator

T k : ẇ2s,s
2 −→ ẇ

2(s−k),s−k
2 ,

is an isomorphism. A special property of T k operators is that their sym-
bols can be analitically continued to the last variable in the lower half-
plane. This allows us to prove the following

Theorem. T k operator is an isomorphism from ẇ2k,k
2,+ to L2,+.
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Orientation-dependent chord length
distributions and maximal chords
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Yerevan State University, Armenia
E-mail: ara1987-87@mail.ru

Let Rn(n ≥ 2) be the n-dimensional Euclidean space, D ⊂ Rn be a
bounded convex body with inner points, Sn−1 be the (n− 1)-dimensional
sphere of radius 1 centered at the origin and Vn be n-dimensional Lebesgue
measure. We consider a random line which is parallel to u ∈ Sn−1 and
intersects D, that is an element from:

Ω1(u) = {lines which are parallel to u and intersect D}.

Let Πru⊥D be the orthogonal projection of D on the hyperplane u⊥(u⊥

is the hyperplane with normal u and passing through the origin). A
random line which is parallel to u and intersects D has an intersection
point (denote by x) with Πru⊥D. We can identify the points of Πru⊥D
and the lines which intersect D and are parallel to u. The last means, that
we can identify Ω1(u) and Πru⊥D. Assuming that the intersection point
x is uniformly distributed over the convex body Πru⊥D we can define the
following distribution function: The function

F (u, t) =
Vn−1{x ∈ Πru⊥D : V1(g(u, x) ∩D) < t)}

bD(u)

is called orientation-dependent chord length distribution function of D in
direction u at point t ∈ R1, where g(u, x) - is the line which is parallel to
u and intersects Πru⊥D at point x and bD(u) = Vn−1(Πru⊥D).

The orientation-dependent chord length distribution function of a triangle
and an ellipse depends on maximal chord tmax(u) in direction u (see [1]
and [2]). A natural question arises, in which cases does it exist a func-
tion G(x, y) of two variables such that F (u, t) = G(tmax(u), t). In [3] a
necessary condition for orientation-dependent chord length distribution
function as a function of maximal chord is obtained. A class of parallelo-
grams for which the necessary condition is not satisfied is also constructed
(see [3]).
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Theory of random processes without ”usual”
assumptions

K.V. Gasparyan
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E-mail: kargasp@gmail.com

Investigations concerning to the theory of random processes for the case
when so-called ”usual” conditions on a stochastic basis doesn‘t satisfies,
go back to the works of J.L. Doob, P.A. Meyer, C. Dellacherie and many
others. The strong martingales in [9], A-martingales in [8] and optional
martingales in [1, 2] have been introduced and the stochastic calcula-
tion by such martingales have been constructed then. In difference from
the classical theory of random processes with ”usual” assumptions on a
stochastic basis, where considering martingales are càdlàg - processes, the
martingales entered above are làglàd processes, i.e. the processes with the
paths admitting both one-sided finite limits at the each point t > 0. Sub-
sequently the weak convergence of distributions for optional semimartin-
gales and the Central Limit Theorems have been received in [4]. The Limit
Theorems together with earlier obtained Strong Laws of Large Numbers
for optional martingales were used in statistical applications in [3, 5].

Interest for the theory of random processes without ”usual” assump-
tions on a stochastic basis and, in particular, to its applications in Stochas-
tic Finance was shown recently again (see e.g. [7, 6, 10]).
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Curve fitting is the process of constructing a curve, that has the best
fit to a series of data points. Curve fitting can involve either interpola-
tion, where an exact fit to the data is required, or smoothing, in which a
”smooth” function is constructed that approximately fits the data. The
oldest data fitting algorithm is the Lagrange interpolation formula. For
the given data set M = {(xk.yk)}nk=0 , where no two xk are the same
find the polynomial of the least degree that at each xk assumes the cor-
responding value yk. This problem is always solvable and the solution is
unique. Start by the product

ω (x) =

n∏
k=0

(x− xk)

and introduce the Lagrange fundamental polynomials

lk (x) =
ω (x)

(x− xk)ω′ (xk)

Finally, the interpolating polynomial is defined by the formula

P (x) =

n∑
k=0

yklk (x).

Conceived to serve as a tool in the investigation of functions, inter-
polation polynomials suffer two serious flaws. The first is the polynomial
wiggle, i.e. increasing the degree of the polynomial makes the oscillations
very large. Famous Runge’s example shows that for the function

f (x) =
1

1 + x2
, x ∈ [−5; 5]

the interpolation polynomials constructed by the equidistant nodes tend
to infinity in the uniform norm, when the number of nodes grows in-
finitely. Moreover, for any choice of nodes there exists a function, such
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that the error (the norm of the difference between the function and the
interpolation polynomial) tends to infinity.

For the same knots another interpolation formula may be obtained,
introducing Hermite-Fejer basic polynomials

hk (x) =

(
1− ω′′ (xk)

ω′ (xk)
(x− xk)

)
l2k (x) .

According to Fejer’s theorem the Hermite-Fejer interpolating polyno-
mials, constructed by the nodes, consisting of zeros of the Chebyshev
polynomials of the first kind tend to any continuous on [−1; 1] function f.

For interpolation by splines usually are used cubic polynomials, dif-
ferent for each pair of neighbouring nodes, regularized such that at each
node the resulting function and its derivatives up to the order two are con-
tinuous. All these conditions lead to a diagonally dominated tridiagonal
system of linear equations, which is uniquely solvable.

The smoothing idea is implemented in the Bernstein polynomials. The
general case of arbitrary interval [a; b] is reduced to [0; 1] and set of weights
(Bernstein basis polynomials)

bk (t) = Cknt
k (1− t)n−k , t ∈ [0; 1]

are introduced. For any continuous on [0; 1] function f the sequence of
Bernstein polynomials

Bn (f, t) =

n∑
k=0

f

(
k

n

)
bk (t)

converges uniformly on [0; 1] to f.
We propose a general approach to these problems, including as partic-

ular cases the above mentioned interpolation and smoothing algorithms,
as well the Bezier curves.
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Introduction. A large class of elementary atomic-molecular and nuclear
processes can be described in the framework of representations the three
and four-body (a few-body). Let us note that a few-body problems, both
classical and quantum, are generally non-integrable systems and respec-
tively the main method of their studies is the numerical simulation. For
applied problems it is often important to know probabilities and cross-
sections elementary reactions over a wide range of initial parameters, that
implies the large-scale calculations, the development of new more effective
algorithms always remains an important challenge. On the assumption of
the previously mentioned it becomes apparent, that the reduction of di-
mensionality of the dynamical problem is a very important problem. If we
talk about the classical three-body problem then as it is well-known, the
general problem in the phase space is described by the 8th ordinary dif-
ferential equations of first order (the system of 8th order). Note, that this
system of nonlinear equations is rather complex and its numerical simula-
tion from itself represents non-trivial problem. The calculations especially
become complicated when we want to solve the three-body collision prob-
lem with consideration of the multichannel scattering (see scheme below);

A+ (BC)→



A+ (BC),
C + (AB),
B + (AC),
A+B + C,

(ABC)∗ →


C + (AB),
B + (AC),
A+B + C,
(ABC)∗∗,

where A,B, and C denote colliding particles, (ABC)∗ and (ABC)∗∗ re-
spectively denote transient (resonant) complexes which are forming in
result of three-body collision.

We have proved that the general three-body problem may be formu-
lated as the problem of geodesic flows on the 6D manifold; M ∼=Mt⊗S3,
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where Mt denotes tangent bundle (the 3D hypersurface of an energy
which is defined by diagonal matrix gij({x}) =

(
E − U({x})

)
δij where

{x} the set of three coordinates, E and U({x}) respectively the total en-
ergy and interaction potential of the body-system), SO(3) is the space of
the rotation group. This allows to find a new type symmetry and to im-
plement more complete integration of system in result of which the initial
problem is reduced to the system of the 6th order [1]. It is important to
note, that on the way to the proof of reduction of three-body dynami-
cal system to the system of 6th order, the Poincare conjecture about of
homeomorphism between a closed 3D manifold and the standard sphere
S3 is proved. As it is shown, the dynamical system that arises in result of
reducing the initial three-body problem is described with the help of ex-
act Hamiltonian. The last allows developing the symplectic algorithm for
a numerical simulation of considered problem. Finally, the multichannel
chemical and nuclear reactions often pass via of formation of transition
complex (see the scheme), that makes behavior of geodesic flows on curved
space similar to phenomena of turbulence in fluids. This obviously gives
us a good opportunity to use already well-established, high-performance
program-package from the field of modeling turbulence.
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Introduction. Not so long ago, the famous physicist Stephen Hawking
in his ”millennium” interview (San Jose Mercury News, January 23, 2000)
said, ”I think the next century will be the century of complexity. As we
now see his prediction turned out to be prophetic. Up to now there is no
clear definition of what complexity means. However, a characterization of
what can be regarded as a complex is possible. In a number of scientific
fields, ”complexity” has a precise meaning. Furthermore, in a number of
scientific fields, ”complexity” has a precise meaning. In particular it con-
cerns to the field of computational complexity theory where the amounts
of resources required for the execution of algorithms is studied rigorously.
The most popular types of computational complexity are classified by
complexity classes P and NP . Recall that the P class includes problems
that can be solved in polynomial time on the Turing machine, whereas
the class of NP problems on the same machine is impossible to solve in
a polynomial time. In regard of this arises an important open problem,
namely, the problem of equivalence of classes NP and P .

In the present work we continue study on problem of computational
complexity of spin-glasses [1]. In particular we have studied the classical
1D Heisenberg spin glasses assuming that spins are spatial. The sys-
tem of recurrence equations are derived by minimization of the nearest-
neighboring Hamiltonian in nodes of 1D lattice. It is proved, that there is
probability that in each node of lattice the solution of recurrence equations
can bifurcate. In result of this, performing a consecutive node-by-node
calculations, on the n-th step instead of a single stable spin-chain we
receive a set of spin-chains which form Fibonacci subtree (graph). The-
oretically the complexity of computation of one graph is assessed, it is
equal ∝ 2nKs, where n and Ks denote the subtree’s height (the length
of spin-chain) and Kolmogorov’s complexity of a string (the branch of
subtree) respectively. It is shown that the statistical ensemble may be
represented as a set of a random graphs, where the computational com-
plexity of each of them is NP hard. It is proved that all strings of the
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ensemble have same weights. That allows, in the limit of statistical equi-
librium with predetermined accuracy to reduce NP hard problem to the P
problem with complexity ∝ NKs, where N is the number of spin-chains
in the ensemble. As it is shown by comparing of statistical distributions
of different parameters which are performed by using of NP and P algo-
rithms, the coincidence of the corresponding curves is ideally (see Fig. 1).
The latter allows to claim that all parameters and characteristic distribu-
tions of statistical ensemble can be calculated from the first principles of
classical mechanics without using any additional considerations.
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Figure 1: The distributions of the energy and coupling constants (spin-spin
interaction constants) into the statistically equilibrium ensemble consisting
of spin-chains of the length 20.The black curves denote the distributions
which have calculated by P algorithm, while whites are calculated by NP
algorithm.

Finally, for the partition function we propose a new representation in
the form of one dimensional integral by the energy distribution of spin-
chains. Let us note that this representation for the partition function
does not include contributions of spin-chains configurations which does
not satisfy to the first principles of classical mechanics.
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We say that the differential operator R1(D) (the polynomial R1(ξ) ) with
constant coefficients is more powerful than the differential operator
R2(D) (the polynomial R2(ξ) ) and write R2 < R1 if for some constant
C > 0 |R2(ξ)| ≤ C [|R1(ξ)|+1] for all ξ ∈ Rn. If |R2(ξ)|/[|R1(ξ)|+1]→ 0
as |ξ| → ∞ we write R2 << R1.

Let P (x,D) =
∑
α
γα(x)Dα be a linear differential operator with co-

efficients, difined on En and P (x, ξ) =
∑
α
γα(x) ξα be its characteristic

polynomial ( complite symbol), where for each x ∈ En the sum extends
over a finite collection of multi - indices (P, x) = {α ∈ Nn

0 ; γα(x) 6= 0}.
An operator P (x,D) ( a polynomial P (x, ξ)) we call formally al-

most hypoelliptic in En, if 1) P (x,D) have constant power in En

(see [1] or [2]), i.e. if P (x1, ξ) < P (x2, ξ) for arbitrary fixed x1, x2 ∈ En
and 2) operator P (x0, D) with constant coefficients is almost hypoel-
liptic for any x0 ∈ En, i.e. DνP (x0, D) < P (x0, D) for all ν ∈ Nn

0 .

Let In denote the set of polynomials R(ξ) = R(ξ1, ..., ξn) with constant
coefficients such that |R(ξ)| → ∞ as |ξ| → ∞. In [3] it has founded some
conditions under which an almost hypoelliptic polynomial R ∈ In.

Denote by A = A(En) a class of operators P (x,D) with coefficients in
C∞ and with constant power in En, satisfying conditions: there exists a
point x0 ∈ En such that operator P (x,D) represents in form

P (x,D) = P0(D) +

r∑
j=1

aj(x)Pj(D), (1)

where P0(D) = P (x0, D) and 1) aj ∈ C∞ (j = 1, ..., r), 2) P0 ∈ In and
Pj << P0 (j = 1, ..., r), 3) for any ν ∈ Nn

0 there exists a number cν > 0
such that |Dνaj(x)| ≤ cν (j = 1, ..., r) for all x ∈ En, 4) there exists a
number c > 0 such that |ξ| ≤ c [|P0(ξ)|+ 1] for all ξ ∈ Rn.

It is easily to seen that a) any operator P ∈ A is formally almost
hypoelliptic, b) for each point x0 ∈ En any operator P with constant

35



power represents in form P (x,D) = P0(D) +
r∑
j=0

aj(x)Pj(D) (note that

in representacion (1) a0(x) ≡ 0), where P0(D) = P (x0, D) and the coef-
ficients {aj(x) = aj(x, x

0)} are uniquely determined, vanish at x0, have
the same differentiability properties as the coefficients of P (x,D) and
P0, P1, ..., Pr is a basis in the finite dimensional vector space of opera-
tors with constant coefficients which are less powerful than P0(D) (for
operators with constant strength by L. Hormander see [ 4]), c) any non
- degenerate by V.P.Mikhailov operator P (x,D) with complite Newton
polyhedron <(P ) ≡ <(x, P ) (see [5]) and some degenerate operators (see,
for instance, [2] ) satisfies the condition 4) of the class A.

Let g(x) be a weight function such that σ−1e−|x| ≤ g(x) ≤ σe−|x|

for a number σ > 0 and gδ(x) = g(δ x), ||u||L2, δ
= {u; ||u gδ||L2

< ∞},
H(P0, δ) = {u; ||u||H(P0,δ) = ||u||L2, δ

+ ||P0(D)u||L2, δ
< ∞}, D(P ) =

{u ∈ S′ ;P (x,D)u = 0}. We prove the following result

Theorem 1. Let P ∈ A, then there exists a number ∆ > 0 such that
D(P ) ∩H(P0, δ) ⊂ C∞ for any δ ∈ (0,∆).
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The present paper is devoted to the study of balanced {2, 3}-hyperidentities
of the length of four in invertible algebras and {3}-hyperidentities of as-
sociativity in semigroups.

The following second order formula is called hyperidentity:

∀X1, . . . , Xm∀x1, . . . , xn(W1 = W2), (1)

where X1, . . . , Xm are the functional variables, and x1, . . . , xn are the
object variables in the words (terms) W1, W2. Usually, a hyperidentity is
specified without universal quantifiers of the prefix of the equality: W1 =
W2. According to the definition, the hyperidentity W1 = W2 is said to be
satisfied in the algebra (Q,Σ) if this equality holds when every functional
variable Xi is replaced by any arbitrary operation of the corresponding
arity from Σ and every object variable xj is replaced by any arbitrary
element from Q.

If the arities of the functional variables are: |X1| = n1, . . . , |Xm| = nm,
then the hyperidentity W1 = W2 is called {n1, . . . , nm}-hyperidentity.

A hyperidentity is balanced if each object variable of the hyperidentity
occurs in both parts of the equality W1 = W2 only once. A balanced
hyperidentity is called first sort hyperidentity, if the object variables on
the left and right parts of the equality are ordered identically. The number
of the object variables in a balanced hyperidentity is called length of this
hyperidentity.

The algebra (Q,Σ) with the binary and ternary operations is called
{2, 3}-algebra. A {2, 3}-algebra is called non-trivial, if the sets of its
binary and ternary operations are not singleton.

The present paper aims at classifying of the balanced {2, 3}-hyperidentities
of length four in invertible algebras and the description of the invertible
algebras in which these hyperidentities hold, as well as at the description
of the semigroups that polynomially satisfy ternary associative hyperiden-
tities.

The following main results will be proved in the talk.
1. The balanced first sort {2, 3}-hyperidentities of length four in non-

trivial invertible algebras are classified;
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2. The invertible {2, 3}-algebras with a binary group operation and with
the balanced first sort {2, 3}-hyperidentities of the length four are de-
scribed;
3. The invertible {2, 3}-algebras with ternary group operation and with
the balanced first sort {2, 3}-hyperidentities of length four are described;
4. The classes of the semigroups, which polynomially satisfy the associa-
tive {3}-hyperidentities are described.
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Introduction. We prove that if P (D) = P (D1, D2) =
∑
α γαD

α1
1 Dα2

2

is almost hippoelliptic regular operator, then for enough small δ > 0,
all solutions of equation P (D)u = 0 from L2,δ(R

2) are entire analytical
functions.

Section 1. We use standard notations: N is the set of natural numbers;
N0 = N∪{0}; Nn

0 = N0×· · ·×N0 is the set of n-dimensional multi-indices;
En and Rn are n-dimensional real coordinate spaces x = (x1, . . . , xn) and
ξ = (ξ1, . . . , ξn), respectively.

Let B = {αk} be finite set of points from Nn
0 . Minimal convex poly-

hedron < = <(B) ⊂ Rn+ including B ∪ {0} we call as characteristic poly-
hedron or the Newton polyhedron of set B. We call polyhedron < as
regular if < has vertex at the origin, vertices on each axes apart from the
origin, and all outer (relative to <) normals of (n − 1)-dimensional faces
of < have nonnegative coordinates. We call polyhedron < as completely
regular if all outer normals of such faces have only positive coordinates.

Let P (D) =
∑
α γαD

α be linear differential operator with constant
coefficients and P (ξ) =

∑
α γαξ

α be the corresponding symbol (charac-
teristic polynomial), where summation is performed over the following
finite set of multi-indices (P ) = {α ∈ Nn

0 , γα 6= 0}.
Characteristic polyhedron < = <(P ) of set (P ) we call as characteristic

polyhedron of operator P (D) (polynomial P (ξ)).

Definition 1. [1, 2] Operator P (D) with polyhedron < = <(P ) is called
regular if there exists constant C > 0 such that∑

α∈<∩Nn0

|ξα| ≤ C(|P (ξ)|+ 1), ∀ξ ∈ Rn.

Definition 2. [3] Operator P (D) (polynomial P (ξ)) is called almost hip-
poelliptic if there exists constant C > 0 such that for any β ∈ Nn

0

|Dβ(ξ)| ≤ C(|P (ξ)|+ 1), ∀ ∈ Rn.
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For δ > 0 we put

N(P, δ) = {u;u ∈ L2,δ(E
2), P (D)u = 0},

where

L2,δ(E
2) = {f ; fe−δ|x| ∈ L2(E2)}.

Let

P0(D) = P0(D1, D2) =
∑
α∈N2

0

γαD
α1
1 Dα2

2

is a regular operator with characteristic polyhedron

<(P0) = {ν ∈ R2
+, ν1 ≤ m1, ν2 ≤ m2},

where m1,m2 ∈ N0. Obviously, <(P0) is a regular polyhedron.
We denote by A0(E2) the set of entire analytical functions of real

variables (x1, x2).

Theorem 1. For any compact set K ⊂ E2 and for any function u ∈
N(P0, δ) the following estimate is holds

sup
x∈K
|Dαu(x)| ≤ C |α|+1, ∀α ∈ N2

0 ,

where C = C(K,u) is some constant and δ > 0 is sufficiently small.

From here, we conclude that for sufficiently small δ > 0 the following
holds

N(P0, δ) ⊂ A0.

We prove also that for sufficiently small δ > 0 and for any f ∈ Γaδ (E2),
a > 1 the following holds

N(P0, f, δ) ≡ {u, u · e−δ|x| ∈ L2(E2), P (D)u = f} ⊂ Γaδ (E2),

where

Γaδ (E2) = {f ; ‖Dαf · e−δ|α|‖L2
≤ C |α|+1|α|a|α|}.
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There are a few studies about multiple hypotheses, the overwhelming
majority of publications is dedicated to the case of two hypotheses [5].
Multiple hypotheses testing is an important area in statistical inference
with wide applications in many scientific and practical fields [2-4]. Many
of decisions in the real world are made in a fuzzy environment. Fuzzy
decision problems are studied following the theory founded by Zadeh[7-9].

There are many investications concerning decision problems, hypothe-
ses testing and Neyman-Pearson lemma involving uncertainty with appli-
cation of fuzzy set theory [6].

We presented generalization of the Neyman-Pearson lemma for more
than two hypotheses in conventional formulation in [1] and now state the
Lemma in terms of fuzzy statistics. For neccessary definitions of fuzzy
theory notions we refer to [6].

Theorem. Let X̃ = (X̃1, ..., X̃N ) be a fuzzy-valued random sample with

observed values X̃ = (x̃1, ..., x̃N ) and density f(x̃, θ), where θ ∈ Θ is a
parameter. For testing fuzzily formulated three hypotheses

H1 : θ is H1(θ),

H2 : θ is H2(θ),

H3 : θ is H3(θ),

for preassigned positive numbers T1, T2 any test with fuzzy test function

Φ(x̃) =
1, if min

(
H̃1(x̃)/H̃2(x̃), H̃1(x̃)/H̃3(x̃)

)
≥ T1,

2, if min
(
H̃1(x̃)/H̃2(x̃), H̃1(x̃)/H̃3(x̃)

)
< T1 ,min

(
H̃2(x̃)/H̃3(x̃)

)
≥ T2,

3, if min
(
H̃1(x̃)/H̃2(x̃), H̃1(x̃)/H̃3(x̃)

)
< T1 , min

(
H̃2(x̃)/H̃3(x̃)

)
< T2,

is optimal in the sense that it has error probabilities αl|m l,m = 1, 3,
and for each other test with the corresponding error probabilities βl|m,
l,m = 1, 3,

if β1|1 ≤ α1|1, then β1|2 ≥ α1|2, or β1|3 ≥ α1|3,
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and
if β2|2 ≤ α2|2, then β2|3 ≥ α2|3.
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of RA under Thematic Program No SCS 13–1A295.
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Introduction. The Neyman-Pearson lemma [1] plays a central role in
the theory and practice of statistics. For the case of multiple hypotheses
it is considered in [2].

Here we discuss Neyman-Pearson hypotheses testing principle for a
model consisting of two independent objects. This model was proposed
by Ahlswede and Haroutunian [1]. The characteristics of the objects
are independent random variables (RVs) X1 and X2 taking values in
the same finite set X . So, considered model is described by the ran-
dom vector (X1, X2), which assumes values (x1, x2) ∈ X × X . It is sup-
posed that two probability distributions Gm = {Gm(x), x ∈ X , m = 1, 2
are known and each object independently follows to one of them. So,
there are four hypothetical probability distributions Gi ◦ Gj(x1, x2) =

{Gi(x1)Ġj(x
2), (x1, x2) ∈ X×X}, i, j = 1, 2, for random vector (X1, X2).

Let (x1,x2) = ((x1
1, x

2
1), ..., (x1

n, x
2
n), ..., (x1

N , x
2
N )), xin ∈ X , i = 1, 2,

n = 1, N , be a sequence of results of N independent observations of the
vector (X1, X2). It is necessary to detect unknown PDs of the pair of
objects on the base of observed data. The test can be defined by division
of the sample space XN × XN on 4 disjoint subsets BNi,j , i, j = 1, 2. The

set BNi,j consists of all vectors (x1,x2) for which the hypothesis Gi ◦Gj is
adopted.

Let αl1,l2|m1,m2
= GNm1

◦GNm2
(BNl1,l2), (l1, l2) 6= (m1,m2), li,mi = 1, 2,

i = 1, 2 be the probability of the erroneous acceptance Gl1 ◦ Gl2 by the
test provided that Gm1 ◦ Gm2 is true. When a true distribution Gm1 ◦
Gm2 , m1,m2 = 1, 2 is rejected the error probability is αm1,m2|m1,m2

=∑
(l1,l2) 6=(m1,m2)

αl1,l2|m1,m2
.

Neyman-Pearson Testing for a Pair of Independent Objects.
We consider Neyman-Pearson testing for this model with two ap-

proaches: a) direct method and b) renumbering method. Our aim is
to compare the corresponding error probabilities of these two approaches
and find the best method.

a)Direct approach. Error probabilities of separate tests α∗l1|m1
, l1,m1 =

1, 2 and α∗l2|m2
, l2,m2 = 1, 2 of the first and the second objects respectively
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can be obtained according to Neyman-Pearson lemma for given numbers
T I and T II . For the model joint error probability will be α∗l1,l2|m1,m2

=
α∗l1|m1

α∗l2|m2
, for li 6= mi, li,mi = 1, 2, i = 1, 2 and α∗l1,l2|m1,m2

=

α∗li|mi(1− α
∗
lj |mj ) for li 6= mi, lj 6= mj , li,mi = 1, 2, i 6= j, i = 1, 2.

b)Renumbering approach. We have to renumber pairs of hypotheses
and we have to apply Neyman-Pearson lemma for 4 hypotheses, which is
investigated in [2]. Hence, for given positive values α∗1,1|1,1, α∗1,2|1,2 and

α∗2,1|2,1 we can chose numbers T1, T2, T3 and sets Ai,j , i, j = 1, 2.
Let us assume that we have found the error probabilities by direct

approach. By considering the renumbering approach we will find all other
error probabilities. In [2] it is proved that these error probabilities are
the smallest, hence we can insist that renumbering approach is not worse
that the direct one.

Conclusion. We conclude with some observations and directions for
future work. The analogical result can be obtained for the models for
which RVs X1 and X2 have values from the different sets and there are
different lists of hypothetical probability distributions for the first and the
second objects. It is desirable to make calculations for practical examples
showing what is the complexity of realization for each of two considered
methods.
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1.Statement of problem.
Let {(Xn, Yn)}Nn=1 be a chronologically ordered two-dimensional random
sequence, statistical properties of which change in some unknown mo-
ment (change-point). We consider {(Xn, Yn)}Nn=1, as a random sample
of random vector (X,Y ) with common distribution function F (x, y) and
continuous marginals FX(x) and FY (y). Then dependence between ran-
dom variables (RV’s) X and Y can be expressed in unique manner by
copula function C(u, v). Recall that copula of X and Y is defined by
relation

C(FX(x), FY (y)) = F (x, y).

We denote by C(n)(u, v) copula of (Xn, Yn) and by nλ = [λN ] for ∆ <
λ ≤ 1−∆, 0 < ∆ < 1

2 - change point. Our aim is to test hypotheses for

each n = 1, N
H0 : C(n)(u, v) = C(u, v)

under

H1 : C(n)(u, v) = I{n ≤ nλ}C1(u, v) + I{n > nλ}C2(u, v)

where I{A} is indicator of the event A and

C1(u, v) 6= C2(u, v).

2. Change moment detection under some prior assumptions.

a) Prior information about possible distinctions between C1(u, v) and
C2(u, v) are absent. Nonparametric test for this case sugested in [1] is
based on the multivariate modification of Kolmogorov-Smirnov test statis-
tic.
b) The copulas C1(u, v) and C2(u, v) belong to the same family of one-
parametric copulas and differ only in the parameter values, such as the
Farlie-Gumbel-Morgenstern families presented by Nelsen [2].
c) The copulas C1(u, v) and C2(u, v) belong to different one-parametric
families and differ both in the functional type and in parameter values.
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For cases b) and c) we suggested an algorithm that allows reducing
the detection of changes in copula function occuring in unknown change-
point nλ to testing homogeneity of one RV, for instance Y , with respect
to another RV X [3].

The algorithm is based on rank tests statistics and is applied to anal-
ysis of real data in [4] and [5].

In the report model examples are given for the case b) when the sug-
gested method cannot be applied under some value of parameter λ. In
the case c) the method can be applied provided the copula C1(u, v) cor-
responds to a relatively weak dependence, while the copula C2(u, v) ex-
presses a stronger dependence (the Frank copula, for example).

Acknowledgement. This work was supported in part by SCS of MES
of RA under Thematic Program No SCS 13–1A295.

References

[1] B. E. Brodsky, G. I. Penikas and I. A. Safaryan, “Detecting structural
changes in the copula models”, (in Russian), Applied Econometrics,
4(16), pp. 3-16, 2009.

[2] R. V. Nelsen, An Introduction to Copulas, Springer, New York, 2006.
[3] E. A. Haroutunian and I. A. Safaryan, “Copulas of two-dimensional

threshold models”, Mathematical Problems of Computer Science, vol.
31, pp. 40-48, 2008.

[4] E. A. Haroutunian, I. A. Safaryan, H.M. Petrosyan and A. R.
Gevorkian, “On identification of anomalies in multidimensional hydro-
geochemical data as earthquake precursors”, Mathematical Problems
of Computer Science, vol. 40, pp. 76-84, 2013.

[5] E. A. Haroutunian, I. A. Safaryan, A. Nazaryan and N. Harutyunyan,
“Detection of heterogeneity on three-dimensional data sequences: al-
gorithm and applications”, Mathematical Problems of Computer Sci-
ence, vol. 42, pp. 63-72, 2014.

46



Armenian Mathematical Union Annual Session 2015

Application of Sanov’s Theorem to Testing
of Random Variables Independence

E.A. Haroutounian, A.O. Yesayan

Institute for Informatics and Automation Problems of NAS, Armenia
E-mail: evhar@ipia.sci.am, armfrance@yahoo.fr

Introduction. In this paper we consider the classical hypotheses testing
problem of independence of two variables and more random variables with
getting exponential decay for error probability.

Problem statement. Let (X,Y) be the result of N independent obser-
vations or N -samples of random variables (RVs) (X,Y ). If X and Y are
discrete, their possible values are x1, x2, ..., xM and y1, y2, ..., yL respec-
tively. Let nml is the number of pairs (xm, yl) in N -sample, for which
X = xm, Y = yl, m = 1,M, l = 1, L. If X and Y are continuous, the
domain of their values can be presented by intervals
[x1, x2), [x2, x3), ..., [xm, xm+1), ..., [xM−1, xM ) and
[y1, y2), [y2, y3), ..., [yl, yl+1), ..., [yL−1, yL). Then nml are frequencies of el-
ements , for which X and Y belong respectively to m-th and l-th intervals.
Based on this N sample we have to test hypotheses

H0 : X and Y are independent

against
H1 : X and Y are dependent.

If H0 is true it follows that pml = pm. × p.l, m = 1,M, l = 1, L where

pm. =
nm.
N

, p.l =
n.l
N
, nm. =

L∑
l=1

nml, n.l =

M∑
m=1

nml.

The problem of testing of these hypotheses for given first type error prob-
ability α = P (H1/H0) (wrong acceptance H1 when H0 is correct) can be
solved using Pearson χ2 chi-square test.
We calculate the observed value of χ2

χ2
obs =

∑
m,l

(nml −N × pml)2

N × pml

and define critical region by the condition P (χ2 > χ2
crit.) = α. From the

table of χ2 distribution we find χ2
crit (critical value of χ2). If χ2

obs < χ2
crit
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we accept H0.
We get for large enough N exponential decrease of α using Sanov’s theo-
rem.
Sanov’s theorem [1]. Let P be the set of all probability distributions
and X1, X2, ..., XN be identically independently distributed by distribu-
tion G, E ⊂ P and E is the closure of its interior, then

lim
N−>∞

log
1

N
GN (E) = −D(Q∗||G)

where Q∗ = arg minQ∈E D(Q||G) is the distribution in E that is closest to
G in relative entropy.

Suppose E is the set of joint distributions of RVs which are dependent.
So applying Sanov’s theorem we get

α ≈ exp{−ND(Q∗||pm. × p.l)} = exp{−NI(X ∧ Y )},

where {Q∗ =
nml
N

, m = 1,M, l = 1, L} ∈ E .

.
In general case we have hypotheses

H0 : The group ofK RVs are independent

against
H1 : The group ofK RVs are dependent.

For simplifying notations we take three variables. Applying again Sanov’s
theorem we get α ≈ exp{−ND(Q∗||pm.. × p.l. × p..r)} where empirical
distributions are used.

Acknowledgement.This work was supported in part by SCS of MES of
RA under Thematic Program No SCS 13-1A295.

References

[1] Th. M. Cover, J. A. Thomas. Elements of information theory. John
Willey and Sons inc. publication, second edition, 2006.

48



Armenian Mathematical Union Annual Session 2015

Erkrord kargi koreri kizaketeri proyektiv
oro�man masin

S. Q. HARU�YUNYAN

X. Abovyani anvan haykakan petakan mankavar�akan hamalsaran
E-mail: S Haroutunian@netsys.am

�vklidesyan har�u�yan mej �lipsi, hiperboli  paraboli sahmanum{
nerum �gtagor�vum � erku keteri he�avoru�yan haskacu�yun�,
or� bacakayum � afinakan  proyektiv erkra�a�u�yunnerum: Myus
ko�mic, nuynisk �vklidesyan har�u�yan mej erkrord kargi g�eri
dasakargum� krum � afinakan bnuy�: A�ajanum � erkrord kargi
koreri afinakan  aynuhet proyektiv sahmanman xndir: Suyn
a�xatanq� nvirva� � ayd koreri kizaketeri proyektiv nkaragrman
xndrin: Afinakan tesankyunic �lips�, hiperbol�  parabol� har{
�u�yan bolor ayn keteri bazmu�yunnern en, oroncic yuraqan�yuri
hamar trva� ketic (kizaketic)  trva� u��ic (direktrisic) he{
�avoru�yunneri haraberu�yun� hastatun � (havasar � �qscen{
trisitetin): Proyektiv har�u�yan mej ayd ereq korern unen �nd{
hanur henq` erkrord kargi �va�ir�: Ayd kori mijocov sahmanvum
en kori kentroni, hamalu� tramag�eri zuygeri, a�ancqneri has{
kacu�yunner�: Dranc kizaketeri haskacu�yun� nermu�elu hamar
anhra�e�t � katarel anhatakanacum, �rinak, nermu�elov direk{
tris�: Ayd depqum hnaravor � ka�ucel hamapatasxan kizaket�:
Haka�ak� e�e trva� � ayd koreric or � meki kizaket�, apa miar{
�eqoren ka�ucvum � hamapatasxan direktris�: Ayd bolor ka�u{
cumner� harmar � katarel �ndlaynva� �vklidesyan kam afinakan
har�u�yan modelum: Ayd modelum a�an�nacvum � ayspes ko�va� an{
verj he�u keteri u�i��, ori vra a�ajanum � oro�aki involyucia:
Ayd involyucian karo� � unenal kam �unenal an�ar� keter: Dran
hamapatasxan stacvum en hiperbol (erku an�ar� ket), parabol
(mek an�ar� ket)  �lips (an�ar� keter� bacakayum en): Ayd dep{
qeric yuraqan�yuri hamar nkaragrvum � kizaketi ka�ucman gor{
��n�ac�:
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Let Un be the unit polydisk in Cn and S be the space of functions of
regular variation. Let 1 ≤ p < ∞, omega = (ω1, . . . , ωn), ωj ∈ S(1 ≤
j ≤ n) and f ∈ H(Un). The function f is said to be an element of the
holomorphic Besov space Bp(ω) if

|f |pBp(ω) =

∫
Un
|Df(z)|p

n∏
j=1

ωj(1− |zj |)
(1− |zj |2)2−p dm2n(z) < +∞

where dm2n(z) is the 2n-dimensional Lebesgue measure on Un. We show
that Bp(ω) is a Banach space with respect to || · ||Bp(ω) and the set of
polynomials is dense in Bp(ω). The properties of the functions in S can
be found in [1].

Next we consider ω- weighted Besov spaces of holomorphic functions
on the unit ball in Cn . Let Bn be the unit ball in C n and S be the space
of functions of regular variation. Let 0 < p < +∞, The function f is said
to be in holomorphic Besov space Bp(ω) if

||f ||pBp(ω) =

∫
Bn

(1− |z|2)p|Df(z)|p ω(1− |z|)
(1− |z|2)n+1

dν(z) < +∞

where dν(z) is the volume measure on Bn . We describe the holomorphic
Besov space in terms of the corresponding Lp space. Projection theorems
and theorems of existence of inverse are proved. We also give explicit
descriptions of the duals of these spaces.([2])
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Let µn (q, α, β) , n = 0, 1, 2, . . . , are the eigenvalues of the Sturm-Liouville
problem L (q, α, β) :

−y′′ + q (x) y = µy, x ∈ (0, π) , q ∈ L1
R [0, π] ,

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] ,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) .

The first question that we want to answer is:
How to move the eigenvalues, when (α, β) change on (0, π]× [0, π) .
For this purpose we introduce the concept of the eigenvalues function

(EVF).
Definition: The function µq (·, ·) , defined on (0,∞) × (−∞, π) by

formula

µq (α+ πk, β − πm)
def
= µk+m (q, α, β) , k,m = 0, 1, 2, . . . ,

called the eigenvalues function (EVF) of the family of problems {L (q, α, β) ,
α ∈ (0, π] , β ∈ [0, π)}.

We find that this function has many properties, which we can investi-
gate and the answer to our first question is:

When (α, β) change on (0, π] × [0, π) , then the set of the eigenvalues
form an analytic surface which we called EVF.

We find necessary and sufficient conditions for function of two vari-
ables having these properties to be the EVF of the family of problems
{L (q, α, β) , α ∈ (0, π] , β ∈ [0, π)}. In particular an algorithm for solving
the inverse problem is given.

51



Armenian Mathematical Union Annual Session 2015

Граничная задача Римана в весовых
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Пусть ρ(t) = |t−t1|α1 ...|t−tm|αm , tk ∈ T , где T = {z, |z| = 1} единичная
окружность и αk, k = 1, 2...m действительные числа. Через

ρr(t) = ρ∗(t)|rδ1t− t1|n1 ...|rδmt− tm|nm

обозначим функцию где ρ∗(t) = |t− t1|λm ...|t− t1|λm ,

δk =

 1, если αk ≤ −1 ,

0, если αk > −1 ,

nk =

 [αk] + 1, если αk нецелое,

αk, если αk целое,

λk = αk − nk. Ясно что λk ∈ (−1, 0], и ρ∗(t) ∈ L1(T ).
Рассмотрим граничную задачу Римана A в следущей постановке:
Задача А. Пусть f произвольная измеримая на T функция из класса
L1(ρ). Определить аналитическую в D+ ∪D−, где D+ = {z; |z| < 1},
D− = {z; |z| > 1} функцию Φ(z),Φ(∞) = 0, так чтобы имело место
граничное условие

lim
r→1−0

‖Φ+(rt)− a(t)Φ−(r−1t)− f(t)‖L1(ρr) = 0, (1)

Где a(t), a(t) 6= 0 произвольная функция из класса Cδ(T ),δ > 0, Φ±

сужения функции Φ наD± соответственно. Обозначим κ = inda(t), t ∈
T . Аналогичная задача, когда постановке когда ρ(t) ≡ 1 иследована в
работе [1]

В работе устанавливается, что если
m∑
k=1

nk + κ ≥ 0, то задача А

разрешима для любой функции f . При
m∑
k=1

nk + κ < 0 получены необ-

ходимые и достаточные условия разрешимости этой задачи. Решения
получены в явном виде.
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Introduction. In this paper we consider some subalgebras of Toeplitz
algebra, for which there exist short exact sequences.
Section 1. Let T be a shift opertaor acting on a Hilbert space l2(Z+) in
the following way: Ten = en+1, where {en}∞n=0 is an orthonormal basis
in l2(Z+). C∗-algebra generated by the operator T is called Toeplitz
algebra and is denoted by T . It is obvious, that each element of T has
the form TnT ∗l for some n, l ∈ N. Element TnT ∗l of the Toeplitz algebra
we call monomial, and a number n − l index of the monomial TnT ∗l.
Let T (m) be a C∗-subalgebra of the Toeplitz algebra, generated by the
operators Tm, T ∗m, and Tm subalgebra of the Toeplitz algebra, generated
by all monomials, index of which is divisible by m. It is evident, that
T (m) ⊂ Tm.

Lemma 1. Let Km be a subalgebra of compact operators in Tm, then

Km ∼=
m⊕
K = K ⊕ ...⊕K,

where K is a subalgebra of compact operators of the Toeplitz algebra.

We denote by Ji the ideal of Km, i-component of which is 0, that is:

Ji = K ⊕ ...⊕K ⊕ 0⊕K ⊕ ...⊕K.

It is evident, that {Ji}mi=1 is a family of maximal ideals of the algebra Km.
Section 2.

Definition 1. Sequences of type 0 −→ A
q−→ B

r−→ C −→ 0 are called
short exact sequences, where q - monomorphism, r - epimorphism, and
ker(q) = im(r). If there exist *-homomorphism t : C → B, such that
r ◦ t = idC , then short exact sequence is called splittable.(see [1])

In the work [2] Coburn proved the following result:

Lemma 2. There exists short exact sequence:

0→ K → T → C(S1)→ 0,

where C(S1) - is the algebra of all continuous functions on S1.
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We prove the following Theorems using the Lemma noted above.

Theorem 1. There exist short exact sequences:

0→ K(m)→ T (m)→ C(S1)→ 0,

0→ Km → Tm → C(S1)→ 0.

Theorem 2. There exist short exact splittable sequences:

0→
n⋂
k=1

Jik → Tm → Tn → 0,

where 1 ≤ i1 < i2 < ... < in ≤ m. Moreover, Tm is isomorphic to the
direct sum of algebras:

Tm ∼= Tn ⊕
n⋂
k=1

Jik .

Corollary 1. The following short exact sequences are splittable:

0→ Ji → Tm → T (m) ∼= T → 0,

where 1 ≤ i ≤ m.
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We will discuss one constructive method of the factorization matrix func-
tion. This method is based on structural properties of kernel of Teoplits
operators.
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On an equivalency of differentiation basis of
dyadic rectangles

G.A. Karagulyan, D.A. Karagulyan, M.H. Safaryan

Yerevan State University, Armenia
E-mail: g.karagulyan@yahoo.com, davidkar@yahoo.com, mher.safaryan@gmail.com

Introduction. Let R be the family of half-closed rectangles [a, b)× [c, d)
in R2. Then let Rdyadic be the family of dyadic rectangles of the form[

i− 1

2n
,
i

2n

)
×
[
j − 1

2m
,
j

2m

)
, i, j, n,m ∈ Z, (1)

We have Rdyadic ⊂ R. For a given rectangle R ∈ R we denote by len(R)
the length of the bigger side of R. A family of rectangles M⊂ R is said
to be a differentiation basis (or simply basis), if for any point x ∈ R2 there
exists a sequence of rectangles Rk ∈ M such that x ∈ Rk, k = 1, 2, . . .
and len(Rk) → 0 as k → ∞. For a differentiation basis M ⊂ R and for
any function f ∈ L1(R2) define

δM(x, f) = lim sup
len(R)→0
x∈R∈M

1

|R|

∫
R

f(t)dt− lim inf
len(R)→0
x∈R∈M

1

|R|

∫
R

f(t)dt.

The integral of a function f ∈ L1(R2) is said to be differentiable at a point
x ∈ R2 with respect to the basis M, if δM(x, f) = 0. Consider classes of
functions

F(M) = {f ∈ L(R2) : δM(x, f) = 0 almost everywhere },
F+(M) = {f ∈ L(R2) : f(x) ≥ 0, δM(x, f) = 0 almost everywhere }.

The following classical theorems determine the optimal Orlicz space for
the functions having a.e. differentiable integrals with respect to the entire
family of rectangles R, which is the space L(1 + logL)(R2) ⊂ L1(R2),
corresponding to the case Φ(t) = t(1 + log+ t) ([1]).

Theorem 1 (Jessen-Marcinkiewicz-Zygmund, [2]). L(1 + logL)(R2) ⊂
F(R).

Theorem 2 (Saks, [4]). If Φ(t) = o(t log t) as t → ∞, then Φ(L)(R2) 6⊂
F(R). Moreover, there exists a positive function f ∈ Φ(L)(R2) such that
δR(x, f) =∞ everywhere.
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Such theorems are valid also for the basis Rdyadic. The first one triv-
ially follows from embedding L(1+logL)(R2) ⊂ F(R) ⊂ F(Rdyadic). The
second can be deduced from the relation F+(Rdyadic) = F+(R), due to
Zerekidze [7].

Let ∆ = {νk : k = 1, 2, . . .} be an increasing sequence of positive
integers. This sequence generates the rare basis Rdyadic

∆ of dyadic rect-
angles of the form (1) with n,m ∈ ∆. This kind of bases first considered
in the papers [6], [5]. Stokolos [6] proved that the analogous of Saks the-
orem holds for any basis Rdyadic

∆ with an arbitrary ∆ sequence. That
means L(1 + logL)(R2) is again the largest Orlicz space containing in
F(Rdyadic

∆). G. A. Karagulyan [3] proved some theorems, establishing
an equivalency of some convergence conditions for multiple martingale
sequences, those in particular imply some results of the papers [6], [5].

In this paper we prove

Theorem 3. Let ∆ = {νk} ⊂ N be an increasing sequence of positive
integers. Then the condition

sup
k∈N

(νk+1 − νk) <∞

is necessary and sufficient for the equality F(Rdyadic
∆) = F(Rdyadic).
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Let Cb(Ω)be a Banach algebra of a all bounded, complex-valued, contin-
uous functions a locally compact, Hausdorf space Ω provided with the
uniform norm. Using a family of a seminorms {Pg}g∈C0(Ω) one can de-

fine with the help of on ideal C0(Ω) a topology on algebra Cb(Ω), where
Pg(f) = ‖Tgf |∞ = sup

Ω
|gf |, and Tg : Cb(Ω) → Cb(Ω) is a multiplica-

tion operator Tgf = gf . In this topology an algebra Cb(Ω) is called a
β-uniform topology and is defined as Cβ(Ω) ([1]-[3]).

Let F be a filtering system in C0(Ω), for which a family of seminorms
{PF }F∈F(Ω) is defined a β-uniform topology in algebra Cβ(Ω).

Let A(Ω) is a β-uniform subalgrbra in algebra Cβ(Ω) (see [4]). We sup-
pose that the family of seminorms {PF }F∈F(Ω) gives a β-uniform topology

of algebra A(Ω).

We denote byAF (Ω) a completion by a norm ‖·‖∞,F = PF (·)
/
Ker(PF )

of an algebra A(Ω)
/
Ker(PF ) for each F ∈ F(Ω) be a commutative Ba-

nach algebra.

Let πF be an algebraic morphismA(Ω)→ AF (Ω) which is a superposi-

tion of a canonical epimorphism τF = A(Ω)→ A(Ω)
/
Ker(PF ) and the

natural injection JF : A(Ω)
/
Ker(PF ) → AF (Ω) that is πF = JF ◦ τf .

Because an algebra A(Ω) is a β-uniform. The algebra A(Ω) coincides (to
with in isomorphism) with the proectiv limits of the system of Banach
algebras (AF (Ω);πF,H), that is A(Ω) = lim

←
(Aβ(Ω);πF,H) (see [5]).

Let A−1(Ω) be a group of inverse elements, for a β-uniform algebra
A(Ω). Then the group A−1(Ω) is an open set of a β-uniform algebra
A(Ω), because a some p-sphere (ball) with a unit origin is contained in
A−1(Ω) (see [6]). Let A(1)(Ω) be a main component of a group A−1(Ω).

Theorem 1. The following diagram is a commutative diagram of an in-

59



ective homorphismes

A−1(Ω)
/
A(1)(Ω) −→ lim

←
A−1(Ω)

/
exp(AF (Ω))

↓ ↓
Cβ(Ω)−1

/
C

(1)
β (Ω) −→ lim

←
C−1(M(AF (Ω)))

/
exp(C(M(AF (Ω))))

and
lim
←
A−1
F (Ω)

/
exp(AF (Ω))

∼−→ lim
←
H1 (M(AF (Ω)),Z) .

The proof follows from a classical Arens-Roiden theorem for commu-
tative Banach algebras and the facts, that for a β-uniform algebras there
take place

A(Ω) = lim
←

(AF (Ω);πFH) and Cβ(Ω) = lim
←

(CF (Ω);πFH) .

As a corollary the following results hold.

Theorem 2. Let bΩ = M(Cb(Ω)) be the space of a maximal ideals of
a Banach algebra Cβ(Ω) where bΩ is a Stoun-Chekh compactification for

Ω. Then the group C−1
β (Ω)

/
exp(Cβ(Ω)) is isomorphic to the image of

homomorphism H1 (bΩ,Z)→ H1 (Ω,Z).
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differential operator and embedding
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Let Rn is n-dimensional space, Zn+ is the set of multi-indices. For the set
of multi-indices let’s denote through ℵ the smallest convex polyhedron,
containing all the points of the given set. The polyhedron is said to be a
completely correct, if:

a) has a vertex in the origin of coordinates and in all the coordinate
axes;

b) outward normal’s of all (n− 1) -dimensional non-coordinate faces
are positive.

Let µi is the outward normal of the face ℵ(n−1)
i such, that ∀α ∈

ℵ(n−1)
i (α, µi) = α1µ

i
1 + · · · + αnµ

i
n = 1;

∣∣µi∣∣ =
∣∣µi1∣∣ + · · · +

∣∣µin∣∣. Let
us denote through Wℵp (Rn) the set of all measurable functions in Rn for

which f ∈ Lp(Rn) and for any ∀αi ∈ ℵ(n−1)
i Dαif ∈ Lp(Rn), i = 1, · · · ,M .

In the present work the integral representation through the differential
operator is offered, which is generated via the polyhedron ℵ and applying
the obtained integral representation, the embedding of the set Wℵp (Rn)
in Lq(R

n) is proved.

Theorem 1. Let ℵ is a convex polyhedron and f ∈ Lp(Rn) and ∀α ∈ ∂′ℵ
Dα1f ∈ Lp(Rn). Let the multi-index β and the numbers 1 ≤ p ≤ q ≤ ∞
are such, that (β;µ) +

(
1
p −

1
q

)
|µ| < 1, for any normal µ of the (n − 1)

-dimensional hyper-plane of the polyhedron ℵ.
Let

max(β;µ) +

(
1

p
− 1

q

)
|µ| = (β;µ0) +

(
1

p
− 1

q

)
|µ0| .

Then DβWℵp (Rn) embedding Lq(R
n), i.e. for any f ∈ WℵP (Rn) there

exists Dβf ∈ Lq(Rn) and the following estimation is true

‖Dαf‖Lq(Rn) ≤ C1h
1−((β;µ0)+( 1

p−
1
q )|µ0|)

M∑
i=1

‖Dαf‖Lp(Rn) +

+ C2h
−((β;µ0)+( 1

p−
1
q )|µ0|) ‖f‖Lp(Rn) ,
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where C1, C2 are numbers independent of f, h, and h is a parameter, which
varies in 0 < h < h0.
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On One Integral Equation with Chebyshev
Polynomial Nonlinearity
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We consider an integral equation on half-line with Chebyshev polynomial
nonlinearity, arising in dynamic theory of universe and p-adic string the-
ory.

We prove existence of the positive and monotonically increasing con-
tinuous solution in class of essentially bounded functions on half-line. We
also found two sided estimates for obtained solution, as well as the limit
of solution at infinity.

We prove uniqueness of a solution in the certain class of functions.
We generalize the results for more general integral equation with ”dou-

ble” nonlinearity.
At the end we give some examples of functions, describing nonlinear-

ity.Using suggested constructive solution method we present some results
of numerical calculations, having direct application in cosmology.

Acknowledgement. This work was supported by state of Science MES
RA in frame of the research project SCS 13YR-1A0003.
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The Interior Transmission Eigenvalue
Problem for a Spherically-Symmetric
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A. Kirsch, H. Asatryan

Karlsruhe Institute of Technology, Germany
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We consider the scattering of spherically-symmetric acoustic waves by
an anisotropic medium and a cavity. While there is a large number of
recent works devoted to the scattering problems with cavities, existence
of an infinite set of transmission eigenvalues is an open problem in gen-
eral. We prove existence of an infinite set of transmission eigenvalues for
anisotropic Helmholtz equation in a spherically-symmetric domain with
a cavity. Further we consider the corresponding inverse problem. Under
some assumptions we prove the uniqueness in the inverse problem.

Acknowledgement. The research of H. Asatryan has been supported
by the German Academic Exchange Service (DAAD).
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Симметрические уравнения в свободном
моноиде с параметрическими показателями

А.Ш. Малхасян
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В 1977 году [1] Г.С.Маканин впервые доказал, что существует алго-
ритм, распознающий разрешимость произвольной системы уравнений
в свободном моноиде. Несмотря на многочисленные усилия, до сих
пор остается открытой проблема описания общего решения уравне-
ния в свободном моноиде. Известны некоторые методы таких описа-
ний; параметризация, описания с помощью графов, описания с помо-
щью функций, определенных в работах Г.С.Маканина (см.[2]), и ряд
других. В упомянутой работе [2] Г.С.Маканиным было найдено общее
решение симметрического уравнения

x1x2 . . . xn−1xn = xnxn−1 . . . x2x1 (1)

в свободном моноиде с алфавитом образующих

a1, a2, . . . , am (2)

В настоящем докладе сообщается что получено описание общего ре-
шения уравнения вида

xλ1
1 xλ2

2 . . . x
λn−1

n−1 x
λn
n = xλnn x

λn−1

n−1 . . . xλ2
2 xλ1

1 , (3)

где λj параметры, принимающие целые неотрицательные значения.
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Laplace transform
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Introduction. In this talk the problem of recovering a function F , its
derivative, and the primitive function given the Laplace transform of the
underlying function F is studied.

Recall that the problem of inverting the Laplace transform represents
very severe ill-posed inverse problem. We refer to [1] were the rate of
convergence of regularized version of the inverse of the Laplace transform
was studied. In [2]-[3] the moment-recovered approximations of a cumu-
lative distribution function (cdf) F and its probability density function
(pdf) f = F ′ were suggested and their asymptotic properties were inves-
tigated. Let us mention only two different methods for approximation of
the Laplace transform inversion, see [4] and [5] among others. The for-
mer article uses the maximum entropy method, while in the later one the
moment-recovered approach that is based on the several moments of F .

In our talk we present the uniform upper bounds for the approximation
errors and demonstrate their asymptotic behavior via the plots and tables.

Section 1. Let us suppose that the cdf F is absolute continuous with
respect to the Lebesgue measure and has a support in R+ = [0,∞). De-
note by f the corresponding density function of F with respect to the
Lebesgue measure on R+. Given the values of the Laplace transform of
F

LF (s) =

∫
R+

e−s τ dF (τ), as s ∈ {0, ln b, 2 ln b, . . . , α ln b},

we suggest the approximations of Laplace transform inversions recovering
F and f , respectively:

Fα,b(x) = 1−
[αb−x]∑
k=0

α∑
j=k

(
α

j

)(
j

k

)
(−1)j−k LF (j ln b)

fα,b(x) =
[αb−x] Γ(α+ 2)

αΓ([αb−x] + 1)

α−[αb−x]∑
m=0

(−1)m LF ((m+ [αb−x]) ln b)

m! (α− [αb−x]−m)!
, (1)
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as x ∈ R+ and α→∞ (cf. with [5] and [6]). We assume that the scaling
parameter b ∈ (1, exp(1)). The problem of choosing the optimal value of
b by minimizing the approximation error will be addressed as well.

Similar questions in the multivariate case will be discussed. In par-
ticular, using the two-dimensional version of (1), we approximate the
probability density function f as follows:

fa,b(x, y) =
[αb−x][α′b−y] ln2(b) Γ(α+ 2) Γ(α′ + 2)

αα′Γ([αb−x] + 1) Γ([α′b−y] + 1)

×
α−[αb−x]∑
m=0

α′−[α′b−y ]∑
l=0

(−1)m LF ((m+ [αb−x]) ln b, (l + [α′b−y]) ln b)

m! (α− [αb−x]−m)! l! (α′ − [α′b−y]− l)!
,

where x, y ∈ R+ and a = (α, α′) ∈ N× N,N = {1, 2, . . . }.
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There exist various extensions of the concept of a lattice. In this talk
we study weakly idempotent lattices with an additional interlaced op-
eration. We characterize interlacity of a weakly idempotent semilattice
operation, using the concept of hyperidentity; and prove that a weakly
idempotent bilattice with an interlaced operation is epimorphic to the su-
perproduct with negation of two equal lattices. In the last part of the talk
we introduce the concepts of a non-idempotent Plonka function and the
weakly Plonka sum and extend the main result for algebras with the well
known Plonka function to the algebras with the non-idempotent Plonka
function. As a consequence we characterize the hyperidentities of the
variety of weakly idempotent lattices, using non-idempotent Plonka func-
tions, weakly Plonka sums and characterization of cardinality of the sets of
operations of subdirectly irreducible algebras with hyperidentities of the
variety of weakly idempotent lattices. Applications of weakly idempotent
bilattices in multi-valued logic is to appear.
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The present paper is devoted to the study of a special type of quasigroups
of the order 2n, which we call boolean-linear quasigroups.

Let (Q, ∗) be a quasigroup of the order 2n and β be a bijective mapping
β : Q→ Zn2 , where Zn2 is the n-ary boolean vector field. Then there exists
a uniquely defined mapping f : Zn2 × Zn2 → Zn2 for which the following
equality is valid:

f(x1, . . . , xn, y1, . . . , yn) = β(β−1(x1, . . . , xn) ∗ β−1(y1, . . . , yn)),

or in a more compact form: x ∗ y = β−1(f(β(x), β(y))). We omit β and
write x ∗ y = f(x, y) in the text below.

Definition 1. The quasigroup (Q, ∗) is called a boolean-linear quasigroup
(or, in short, a BL-quasigroup), if it can be represented in the following
form:

x ∗ y = f(x, y) = A1(x) · y + b1(x) = A2(y) · x+ b2(y),

where A1(x), A2(y) are n×n matrices, and b1(x), b2(y) are n×1 matrices
over {0, 1}.

Theorem 1. If quasigroup (Q, ∗) is a BL-quasigroup, then
1. ∀x ∈ Q, det(A1(x)) = det(A2(x)) = 1.

If matrices A1, A2 and b1, b2 satisfy the following identities:
2. ∀x ∈ Zn2 , det(A1(x)) = det(A2(x)) = 1,
3. ∀x, y ∈ Zn2 , A1(x) · y + b1(x) = A2(y) · x+ b2(y),

then Zn2 with the operation defined by the rule: x ∗ y = f(x, y) = A1(x) ·
y + b1(x) forms a BL-quasigroup.

Theorem 2. If (Q, ∗) is a BL-quasigroup, then A1(x) = A2(x) iff b1(x) =
b2(x).

Theorem 3. The BL-quasigroup (Q, ∗) is a commutative iff A1(x) =
A2(x),∀x ∈ Q.

Theorem 4. A BL-quasigroup (Q, ∗) has an identity element, or, in other
words, is a loop, iff there exists e ∈ Q such that b1(e) = b2(e) = 0 and
A1(e) = A2(e) = E.
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Theorem 5. If BL-quasigroup is a loop, then it is commutative.

Let (Q, ∗) be BL-loop. It follows from the previous theorems that
A1(x) = A2(x) = A(x) and b1(x) = b2(x) = b(x). We make the following
denotations: A(0) = A0 and A0 · e = b0.

Theorem 6. If (Q, ∗) is a BL-loop, then x ∗ y = A(x) · y +A0 · x+ b0 =
A(y) · x+A0 · y + b0.

Definition 2. A Moufang loop is the loop Q that satisfies the following
equivalent identities:

1. x(y ∗ xz) = (xy ∗ x)z,
2. (zx ∗ y)x = z(x ∗ yx),
3. (xy)(zx) = (x ∗ yz)x,
4. (xy)(zx) = x(yz ∗ x).
These identities are known as Moufang identities. If a Moufang loop

is commutative (i.e. the identity x ∗ y = y ∗ x holds in the loop), then the
loop satisfies the following identity:

5. x2 ∗ yz = xy ∗ z.

Theorem 7. The BL-loop is a Moufang loop iff it satisfies the following
identities:

1. A(A0 · x) ·A(x) · y +A(A0 · y) ·A(x) · x+A(A0 · x) ·A0 · x+A(A0 ·
y) ·A0 · x+A(A0 · x) · b0 +A(A0 · y) · b0 +A(x ∗ y) · b0 +A(x ∗ x) ·
b0 +A0 ·A0 · x+A0 ·A0 · y = 0,

2. A(x ∗ y) ·A(x) = A(x ∗ x) ·A(y).

In the case of e = 0, the first identity can be simplified:

1. A2(x) · y + (A(y) ·A(x) +A(x) +A(y)) · x+ (x+ y) = 0.
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The relationship between covariograms of a
cylinder and its base

V.K. Ohanyan

Yerevan State University, Armenia
E-mail: victo@aua.am

Let Rn be the n−dimensional Euclidean space, D ⊂ Rn be a bounded
convex body, Sn−1 be the (n−1)-dimensional unit sphere centered at the
origin and Ln(·) be the n-dimensional Lebesgue measure in Rn.
G. Matheron formulated a hypothesis that in the class of all bounded
convex bodies, a bounded convex body is determined by its covariogram.
This hypothesis is known as Matheron’s conjecture (see [1]). In [2], G.
Bianchi and G. Averkov confirmed Matheron’s conjecture for n = 2. G.
Bianchi has also proved that for n ≥ 4 the hypothesis is false. Very little
is known regarding the covariogram problem when the space dimension
is greater than 2. It is known that centrally symmetric convex bodies in
any dimension, are determined by their covariogram up to translations.
For n = 3 the problem is open. Nevertheless, for the case of bounded con-
vex polyhedron for n=3 Matheron’s conjecture received a positive answer
(see [3], [1]). Thus, investigation of the covariogram of three dimensional
convex bodies becomes an important first step in the study of Matheron’s
conjecture in R3. Note that the explicit form for the covariogram of three
dimensional convex bodies is known only in the case of a ball. The func-
tion CD(x) = Ln(D ∩ {D + x}) x ∈ Rn, is called the covariogram of the
body D. Let G be the space of all lines in the Euclidean plane R2, g ∈ G
and (p, ϕ) are the polar coordinates of the foot of the perpendicular to
g from the origin, p ≥ 0, ϕ ∈ S1. For a closed bounded convex domain
D ⊂ R2 we denote by SD(ϕ) the support function in direction ϕ ∈ S1

defined by SD(ϕ) = max{p ∈ R+ : g(p, ϕ) ∩ D 6= ∅}, where R+ is the
set of nonnegative real numbers. For a bounded convex domain D ⊂ R2

we denote by bD(ϕ) the breadth function in direction ϕ ∈ S1, that is, the
distance between two support lines to the boundary of D that are perpen-
dicular to ϕ. We have bD(ϕ) := SD(ϕ)+SD(ϕ+π). For a bounded convex
domain D the chord length distribution function in direction ϕ, denoted
by FD(x, ϕ), is defined to be the probability of having chord χ(g) = g∩D
with length at most x in the bundle of lines parallel to ϕ. A random line
which is parallel to ϕ and intersects D has an intersection point (denoted
by y) with the line lϕ. The intersection point y is uniformly distributed

on the segment [0, bD(ϕ)]. Thus we have FD(x, ϕ) =
L1{y:χ(lϕ+y)≤x}

bD(ϕ) . The
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orientation dependent chord length distribution function and the covar-
iogram for n = 2 are known only in the cases of a disc, a triangle, a
regular polygon, a parallelogram and an ellipse (see [4]–[6]). Denote by Γ
the space of lines γ in R3. Let ΠD(ω) denote the projection of a bounded
convex body D ⊂ R3 in direction ω ∈ S2 and let sD(ω) be its area. Every
line which is parallel to ω and intersects D has an intersection with ΠD(ω).
Denote that point by y and that line by lω+y. The intersection point y is
uniformly distributed on ΠD(ω). The chord length distribution function

of D in direction ω ∈ S2 is defined by FD(x, ω) = L2{y:χ(lω+y)≤x}
sD(ω) . In the

paper [7] the following results are obtained: (1) Relationships between
the covariogram and the orientation-dependent chord length distribution
function of a cylinder and those of its base. (2) Explicit forms of the covar-
iogram and the orientation-dependent chord length distribution function
of a cylinder with cyclic, elliptical and triangular bases.
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Касательные векторные поля на
гиперповерхностях евклидовых

пространств
А.А. Огникян

Ереванский государственный университет, Армения

Гиперповерхность Sp,q в евклидовом пространстве размерности
n = p+ q + 1 определяется как пространство, образованное всеми точ-
ками x = (x0, x1, . . . , xp+q), где x2

0 +x2
1 + . . .+x2

p−x2
p+1− . . .−x2

p+q = 1
Рассматривается задача нахождения прямоугольных образующих у
этих гиперповерхностей, то есть требуется описать пространство всех
прямых, целиком лежащих на данной гиперповерхности. Например,
хорошо известно, что гиперповерхность S1,1 (однополостный гипербо-
лоид) является дважды линейчатой поверхностью.

Решение общей задачи тесно связано с задачей построения каса-
тельных линейно независимых векторных полей на Sp,q. Например,
гиперповерхность S1,2 параллелезуема, и наличие на ней в явном ви-
де трех касательных линейно независимых векторных полей позволя-
ет доказать, что пространство прямолинейных образующих для S1,2

гомеоморфно 2-мерному тору. Более того, становится возможным со-
ставлять в явном виде уравнения всех прямолинейных образующих,
проходящих через данную точку гиперповерхности.

Основываясь на конструкции из [1], для любого i, q ≥ i ≥ 0 на ги-
перповерхности Sp,q в явном виде строятся ρ(p+ i) + q − i линейно
независимых касательных векторных полей, где ρ - функция Радона-
Гурвица. Обозначим r(p, q) = max(ρ(p+ i) +−i), где q ≥ i ≥ 0, и пусть
R(p, q) максимальное число касательных линейно независимых век-
торных полей на Sp,q. Следовательно, имеет место

Теорема 1. R(p, q) ≥ r(p, q).
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On the constructive solution of an inverse
Sturm-Liouville problem

A.A. Pahlevanyan

Institute of Mathematics of National Academy of Sciences, Armenia
E-mail: apahlevanyan@instmath.sci.am

Let L (q, α, β) be the Sturm-Liouville boundary value problem

−y′′ + q (x) y = µy ≡ λ2y, x ∈ (0, π) , µ ∈ C,

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] ,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) ,

where q is a real-valued, summable function on [0, π]
(
q ∈ L1

R [0, π]
)
.

The question ”What kind must be the sequences {µn}∞n=0 and
{an}∞n=0 , for them to be the spectrum and the norming constants
of a problem L(q, α, β), respectively” is well studied for the cases
q ∈ L2

R [0, π] , α, β ∈ (0, π) and α = π, β = 0 ([1, 2, 3, 4, 5, 6, 7]). For
the case q ∈ L1

R [0, π] and sinα = 0 (α = π) , β ∈ (0, π) (analogously
for α ∈ (0, π) , sinβ = 0 (β = 0)) some aspects of this question have
also been studied by the above mentioned and other authors, but, to
our knowledge there are no necessary and sufficient conditions for the
sequences {µn}∞n=0 and {an}∞n=0 to be the spectrum and the norming
constants for the problem L(q, π, β) (analogously for L(q, α, 0)). We solve
this problem in the following theorem:

Theorem 1. For the two sequences {µn}∞n=0 and {an}∞n=0 to be the spec-
trum and the norming constants of a problem L(q, π, β), with q ∈ L1

R [0, π]
and β ∈ (0, π) , it is necessary and sufficient that the following relations
hold:

√
µn ≡ λn = n+ δn(π, β) +

c

2(n+ δn(π, β))
+ ln +O

(
1

n2

)
,

an =
π

2(n+ δn(π, β))2
(1 + sn) ,
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where δn(α, β) is the solution of the following transcendental equation

δn(α, β) =
1

π
arccos

cosα√
(n+ δn(α, β))

2
sin2 α+ cos2 α

−

−
1

π
arccos

cosβ√
(n+ δn(α, β))

2
sin2 β + cos2 β

,

c is a constant, the reminders ln = o

(
1

n

)
, sn = o

(
1

n

)
and they are

such that the functions

l(x, β) =

∞∑
n=2

ln sin(n+ δn(π, β))x,

s(x, β) =

∞∑
n=2

sn cos(n+ δn(π, β))x

are absolutely continuous on arbitrary segment [a, b] ⊂ (0, 2π), uniformly
with respect to β ∈ (0, π) and q from the bounded subsets of L1

R [0, π].
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Reciprocity Laws and Arithmetic Geometry

M. Papikian

Pennsylvania State University, USA
E-mail: papikian@psu.edu

Introduction. The simplest example of a reciprocity law is Gauss’s
Quadratic Reciprocity. I will give an overview of generalizations of quadratic
reciprocity studied in modern number theory. Then I will describe such
reciprocity laws arising from elliptic curves and Drinfeld modules. Finally,
I will discuss how to derive from a particular reciprocity law a criterion
for the splitting modulo primes of a class of non-solvable polynomials over
Fq(T ) studied by Abhyankar. (This is a joint work with Alina Cojocaru.)
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Duality in weight spaces of functions
harmonic in the unit ball

A.I. Petrosyan

Yerevan State University, Armenia
E-mail: apetrosyan@ysu.am

A positive continuous decreasing function ϕ on [0, 1) is called weight
function if limϕ(r) = 0, as r → 1, and a positive finite Borel mea-
sure η on [0, 1) is called weighting measure if it is not supported in
any subinterval [0, ρ), 0 < ρ < 1. Let h∞(ϕ) be the Banach space
of functions u, harmonic in the unit ball Bn ⊂ Rn, with the norm
‖u‖ϕ = sup{|u(x)|ϕ(|x|) : x ∈ Bn} and let h0(ϕ) be the closed subspace
of functions u with |u(x)| = o

(
1/ϕ(|x|

)
as |x| → 1.

It has been shown by Rubel and Shields, [1] that h∞(ϕ) is isometrically
isomorphic to the second dual of h0(ϕ). In [2], in the case n = 2, it was
posed and solved the duality problem of finding a weighting measure η
such that

h1(η) =
{
v ∈ L1(dη(r) dσ) : v is harmonic in B2

}
represents the intermediate space, the dual of h0(ϕ) and the predual of
h∞(ϕ), i.e. h1(η) ∼ h0(ϕ)∗ and h1(η)∗ ∼ h∞(η).

It is well-known that in the case n = 2 every harmonic function h
has expansion in a series on degrees z and z in unit disk |z| < 1, since
real-valued harmonic function is a real part of a holomorphic function.

We consider duality problem in the case of harmonic functions in the
unit ball of Rn, n > 2. The multidimensional case has the specifics in the
sense that we can not speak about connection between harmonic and holo-
morphic functions, and instead of degrees z and z we deal with spherical
harmonics.

We use the same approach to the duality problem as [2]. This ap-
proach depends on showing (see [3]) that a certain integral operator from
L∞(dη(r) dσ) to h∞(η) is a bounded projection. The kernel of the integral
operator is the reproducing kernel for h∞(η) (see [5] for details).

One could work with the analogous spaces A0(ϕ) and A∞(ϕ) of func-
tions which are holomorphic in the unit ball of Cn, and study the anal-
ogous duality problem. It is shown in [4] that this duality problem is
solvable if ϕ is normal.

The essential part of the definition of normal is that 1/ϕ(r) grows
slower than some power of 1/(1− r) but faster than some other power.
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In the report we suppose, that weight function grows more slowly than
some power of 1/(1− r). Thus, we have a solution to the duality problem
for non-normal weight functions as

ϕ(r) =

(
ln

e

1− r

)−α
, α > 0

and

ϕ(r) =

(
ln ln

ee

1− r

)−α
, α > 0.

References

[1] L.A. Rubel, A.L. Shields, The second duals of certain spaces of analytic
functions. J. Austral. Math. Soc, 11: 276–280, 1970.

[2] A.L. Shields, D.L. Williams, Bounded projections, duality, and multi-
pliers in spaces of harmonic functions. J. Reine Angew. Math. 299–
300: 256–279, 1978.

[3] A.I. Petrosyan, E.S. Mkrtchyan. Duality in spaces of functions har-
monic in the unit ball. Proceedings of the Yerevan State University,
no. 3, 28–35, 2013.

[4] A.I. Petrosyan, Bounded Projectors in Spaces of Functions Holomor-
phic in the Unit Ball. Journal of Contemporary Mathematical Analy-
sis, 46(5): 264–272, 2011.

[5] A.I. Petrosyan, On weighted classes of harmonic functions in the unit
ball of Rn. Complex Variables, 50(12): 953–966, 2005.

78



Armenian Mathematical Union Annual Session 2015

Higher regularity of the free boundary in
the elliptic Signorini problem

Arshak Petrosyan

Purdue University, USA
E-mail: arshak@math.purdue.edu

One of the classical approaches in the proof of the higher regularity of free
boundaries is the hodograph-Legendre transform. A generalization of this
approach to the Signorini problem, where the free boundary is thin (i.e.
has co-dimension two ) leads to a singular hodograph transform which
can be shown to be invertible by using a precise asymptotic behavior
of the solutions. The corresponding Legendre transform solves a fully
nonlinear degenerate elliptic equation, which surprisingly has a subelliptic
structure. Treating it as an appropriate perturbation of the Baouendi-
Grushin operator, we are able to prove the smoothness and even the
real analyticity of the Legendre transform, which in turn implies the real
analyticity of the free boundary.

This is joint work with Herbert Koch and Wenhui Shi.
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The Modeling of the Priority Problem with
Some Extensions of Petri Nets

G.R. Petrosyan

Armenian State Pedagogical University after Kh. Abovyan, Armenia
E-mail: petrosyan gohar@list.ru

In this talk the problem of modeling of a priority process is presented
[1, page 189]. The problem is discussed for several extensions of Petri
Net traits. A modeling of Petri Net traits is built, which describes the
mentioned process both in the presence of Restrictive Arc Petri Net and
Colored Petri Net. The comparison of complexity in advanced nets is
carried out. The problem is discussed for an optimization process having
comparison of nets.

Introduction. A Petri Net (also known as a place/transition net or P/T
net) is one of several mathematical modeling languages for description of
distributed systems. A Petri Net is a directed bipartite graph, in which
the nodes represent transitions (i.e. events that may occur, are signified
by bars) and places (i.e. conditions, signified by circles). The directed
arcs describe the places which are pre/post conditions for transitions (sig-
nified by arrows). A Petri Net consists of places, transitions, and arcs.
Graphically, the places in a Petri Net can contain a discrete number of
marks called tokens. Any distribution of tokens over the places represent
a configuration of the net called a marking. In an abstract sense, relating
to a Petri Net diagram, a transition of a Petri Net can fire if it is enabled,
i.e. there are sufficient tokens in all of its input places; when the tran-
sition fires, it consumes the required input tokens, and creates tokens in
its output places. Unless an execution policy is defined, the execution of
Petri Nets is nondeterministic: if the multiple transitions are enabled at
the same time, any one of them can fire. Since firing is nondeterministic,
and as multiple tokens can exist anywhere in the net (even in the same
place), Petri Nets are well suited for modeling the concurrent behavior of
distributed systems [1]-[2].
The Restrictive Arc Petri Net is quintuplets: C = (P1, P2, T, I, O). P1-
finite set of basic positions, P2- finite set of restrictive positions, T - finite
set of transitions, where P1 ∩ P2 = ∅, P1 ∩ T = ∅, P2 ∩ T = ∅. Denote‘
P = P1 ∪ P2. I : T → P∞, O : T → P∞ are the input and output
functions, respectively, where P∞ are all possible collections (repetitive
elements) of P .
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Definition: A Colored Petri Net is a tuple CPN = (
∑
, P, T,A,N,C,G,

E, I) satisfying the following requirements:
(i)
∑

is a finite set of non-empty types, called color sets.
(ii) P is a finite set of places.
(iii) T is a finite set of transitions.
(iv) A is a finite set of arcs such that:
P ∩ T = P ∩A = T ∩A = ∅
(v) N is a node function. It is defined from A into P × T ∪ T × P .
(vi) C is a color function. It is defined from P into

∑
.

(vii) G is a guard function. It is defined from T resulting the expressions
such that: ∀t ∈ T : [Type(G(t)) = Bool ∧ Type(V ar(G(t))) ⊆

∑
].

(viii) E is an arc expressionsfunction. It is defined from A resulting the
expressions such that:
∀a ∈ A : [Type(E(a)) = C(p(a))MS ∧ Type(V ar(E(a))) ⊆

∑
], where

p(a) is the place of N(a).
(ix)I is an initialization function. It is defined from P resulting the
closed expressions such as: ∀p ∈ P : [Type(I(p)) = C(p)MS ].
Colored Petri Net is a graphical oriented language, which is used for mod-
eling, analysis, description and presentation systems [3].
In the classical or traditional Petri Net, tokens do not differ from each
other, and we can say that they are colorless. In contrast to Classical
Petri Nets, the position of Colored Petri Nets can contain tokens of arbi-
trary complexity - a note, lists, etc., which makes the reliable models more
possible. Let us assume, there are two processes of producers and there
are two processes of consumers. The producers should collect the data
in the buffer and the consumers should coordinate them for activities in
usage of the channel [1]. The idea of priority does not let the mentioned
system be modeled by the Classical Petri Net. The proof of the following
fact is shown in details in [[1]page 190-191]. For solving the mentioned
problem we extend several traits of Petri Net in such a way, which are
headed to opportunity of zero checking in Petri Net.
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o�a�o� �ertavorman nerqin kapakcu�yan
masin

V.A. �ILIPOSYAN

Er ani petakan hamalsaran
E-mail: vpiliposyan@ysu.am

DicuqM-� n-�a�ani diferenceli bazma� u�yun �, TxM-�` x ketum
nra �o�a�o� tara�u�yunn �, isk TM = {(x; v), x ∈ M,v ∈ TxM}-�
M-i �o�a�o� �ertavorumn �, orum nermu�va� �

(xα) = (xi;xi) = (x1;x2; ...;xn; v1; v2; ...; vn)

lokal kordinatayin hamakarg, orte� xi-er� bazayin, isk xi-er� �er{
ti kordinatnern en: In�pes haytni �, kamayakan x ∈ TxM -i ha{
mar ∆v(x) = {(0; v) ∈ Tx(TM)}-� Tx(TM)-i en�atara�u�yun �, or�
invariant � kordinatayin � a�oxu�yan nkatmamb,  or� izomorf
� TxM-in:

Diferenceli x 7→ ∆h(x) ba�xum� TM-um ko�vum � nerqin (infini{
tezimal) kapakcu�yun, e�e ayn invariant � kordinatayin � a�o{
xu�yan nkatmamb  

Tx(TM) = ∆h(x)
⊕

∆v(x) :

Dicuq (∂i, ∂i)-� bnakan �eper �, isk ei = ∂i − Γki ∂k, ei = ∂i-� ayd
nerqin kapakcu�yan hamakcva� �eper �: Ays depqum, kordinatayin
hamakargi � a�oxu�yan �amanak unenq`

(e′i, e
′
i
) = (ei, ei)

(
f1 0
f3 f2

)
,

�nd orum x 7→ ∆h(x) ba�xum� invariant � kordinatayin � a�o{
xu�yan nkatmamb ayn  miayn ayn depqum, erb

Γ′ = (f2Γ− f3)f−1
1 ) :

Dicuq ∆ : (X(TM) × X(TM)) → X(TM)-� g�ayin kapakcu�yun
� �o�a�o� �ertavorman vra  ω-n nra g�ayin � n �: N�va� g�ayin
kapakcu�yun� ko�vum � liovin bervo�, e�e harmarecva� �eperum

ω =

(
ω1 0
0 ω4

)
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�eorem 1. Orpeszi �o�a�o� �ertavorman vra trva� liovin
bervo� g�ayin kapakcu�yun� pahpanvi harmarecva� �eperi
� a�oxu�yan depqum anhra�e�t �  bavarar, or nerqin ka{
pakcu�yan deformaciayi T = Γ′ − Γ tenzor� lini kovariant
hastatun:

Dicuq Φ : TM → TM̃-� �o�a�o� �ertavorumneri difeomorfizm
�, or� in�pes haytni �, trvum �

x̃i = x̃i(x1, ..., xn), x̃ĩ = aij(x)x̃j̃ , det(aij) 6= 0

havasarumnerov:

�eorem 2. Φ : TM → TM̃ artapatkerum� (xi;xĩ) maka�va�

kordinatayin hamakarg� artapatkerum � (x̃i;x̃ĩ) maka�va�
kordinatayin hamakargin ayn  miayn ayn depqum, erb nra
Φ∗ diferencial artapatkerum� bavararum � Φ∗ ◦ J = J̃ ◦ Φ∗

paymanin, orte� J =

(
0 0
E 0

)
= J̃ hamapatasxan �o�a�o�

�ertavorumneri afinornern en, isk (Φα∗β) =

(
∂j x̃

i 0
∂ka

i
j aij

)
:

83



Armenian Mathematical Union Annual Session 2015

Характеристика унитарных операторов в
некоторых классах целых функции

С.Г. Рафаелян

Ереванский государственный университет, Армения
E-mail: rafayelyans@ysu.am

Пусть p > 1 и W ∈ Ap -вес Макенхаупта, т.е w(x) ≥ 0 измеримая на
R функция и удовлетворяющая условию(∫

ג
w(x) dx

)(∫
ג
w(x)−

1
p−1 dx

)
≤ C|ג|p

где ג ⊂ R произвольный интервал, его-|ג| длина, а C не зависящая от
ג константа.

Обозначим через W p
σ (w dx)(σ > 0) пространство целых функций f

экспоненциального типа с нормой∫
R

|f(x)|pw(x) dx = ‖f‖p < +∞.

Для класса W p
σ (w dx) справедливы следующие утверждения:

Теорема 1. Для f ∈W p
σ (w(x) dx) имеет место тождество

f(z) =

∫
R

f(t)
sinσ(t− z)
σ(t− z)

dt, z ∈ C.

Теорема 2. Для любого унитарного оператора U в пространстве
W 2
π (w(x) dx) существует целая функция K(z, ζ), которая по z и по

ζ из класса W 2
π (w̃ dx) (w̃ = w−1) и кроме того, для g = Uf имеет

место представления:

g(z) =

∫
R

f(x)K(x, z) dx, (1)

f(z) =

∫
R

g(x)K(x, z) dx. (2)

Кроме того, функция K(z, ζ) удовлетворяет условиям

a)K(z, ζ) = K(ζ, z),

b)

∫
R

K(x, ξ)K(x, η) dx =
sinπ(ξ − η)

π(ξ − η)
.
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Обратно, если ядро K(z, ζ) удовлетворяет условиям a) и b), то
оно порождает, согласно формулам (1) и (2), унитарный операторов
в пространстве W 2

π (w dx) и ему обратной.
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Суммируемое решение одного нелинейного
интегрального уравнения типа

Гаммерштейна-Вольтерра на полуоси
Т.Г. Сардарян

Институт математики НАН Армении
E-mail: Sardaryan.tigran@gmail.com

Рассматривается следующее нелинейное интегральное уравнение типа
Гаммерштейна-Вольтерра:

f(x) =

∞∫
x

V (x, t)H(t, f(t))dt, x ∈ R+ ≡ [0,+∞), (1)

относительно искомой вещественной и измеримой функции f(x), опре-
деленной на R+.

В уравнении (1) V (x, t) - определенная на R+ × R+ измеримая
функция, допускающая следующее представление:

V (x, t) = θ(t− x)

∫ b

a

α(t, s)e−α(t,s)(t−x)dσ(s), (2)

где α(t, s) - определенная на множестве R+ × [a, b) (0 ≤ a < b ≤ +∞),
измеримая функция, причем

inf
(t,s)∈R+×[a,b)

α(t, s) ≡ β > 0, (3)

sup
t∈R+

α(t, s) ≡ α0(s) < +∞. (4)

В (2) σ(s) - монотонно неубывающая функция на [a, b), причем

σ(b)− σ(a) =

∫ b

a

dσ(s) = 1, (5)

а θ(τ) - функция Хевисайда.
Рассмотрим следующую характерическую функцию определенную

на R+ :

χ(p) = βc

∫ b

a

1

α0(s) + p
dσ(s), p ∈ [0,+∞),
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где

c = 2

(∫ b

a

β

α0(s)
dσ(s)

)−1

. (6)

Учитывая (3), (4) и (5), нетрудно убедится, что существует единствен-
ное p0 ∈ (0,+∞), такое что

χ(p0) = 1. (7)

Зафиксируем p0.

Теорема 1. Пусть в уравнении (1) ядро V (x, t) задается согласно
формуле (2). Пусть, далее, существует суммируемая на R+ функция
β(t):

β(t) ≥ ce−p0t, t ∈ R+

такая, что для функции H(t, u) имеют место следующие условия:

a. H(t, u) ≤ u+ β(t), u ≥ e−p0t, t ∈ R+

H(t, e−p0t) ≥ ce−p0t, t ∈ R+,

где числа c и p0 определяются согласно (6) и (7) соответственно,
b. функция H(t, u) при каждом фиксированном t ∈ R+ монотонно

возрастает по u на [e−p0t,+∞),
c. H(t, u) удовлетворяет условию Каратеодории по аргументу u

на множестве R+ ×R+.
Тогда уравнение (1) имеет положительное суммируемое на R+ ре-

шение.

Исследование выполнено при финансовой поддержке ГКН МОН РА
в рамках научного проекта SCS 13-1А068.
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Nonlinear Model Reduction for Complex
Systems using Sparse Optimal Sensor

Locations from Learned Nonlinear Libraries

S. Sargsyan, S.L. Brunton, J.N. Kutz

University of Washington, USA
E-mail: ssusie@u.washington.edu

We demonstrate the synthesis of sparse sampling and machine learning
to characterize and model complex, nonlinear dynamical systems over a
range of bifurcation parameters. First, we construct modal libraries using
the classical proper orthogonal decomposition to uncover dominant low-
rank coherent structures. Here, nonlinear libraries are also constructed
in order to take advantage of the discrete empirical interpolation method
and projection that allows for the approximation of nonlinear terms in
a low-dimensional way. The selected sampling points are shown to be
nearly optimal sensing locations for characterizing the underlying dynam-
ics, stability, and bifurcations of complex systems. The use of empirical
interpolation points and sparse representation facilitate a family of local
reduced-order models for each physical regime, rather than a higher-order
global model, which has the benefit of physical interpretability of energy
transfer between coherent structures. In particular, the discrete interpo-
lation points and nonlinear modal libraries are used for sparse representa-
tion to classify the dynamic bifurcation regime in the complex Ginzburg-
Landau equation. It is shown that nonlinear point measurements are more
effective than linear measurements when sensor noise is present.
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Адиабатический предел в уравнениях
математической физики

А.Г. Сергеев

Математический институт им. В.А.Стеклова, Россия
E-mail: sergeev@mi.ras.ru

Рассматриваются два вида уравнений, возникающих в математиче-
ской физике — это уравнения Гинзбурга–Ландау из теории сверхпро-
водимости, и уравнения Зайберга–Виттена из квантовой теории поля.

Уравнения Гинзбурга–Ландау возникают в физической модели,
управляемой лагранжианом Гинзбурга–Ландау. Указанный лагран-
жиан имеет следующий вид

L(A,Φ) = |FA|2 + |dAΦ|2 +
λ

4
(1− |Φ|2)2,

где A обозначает электромагнитный вектор-потенциал, задающийся
1-формой A = A1dx1 + A2dx2 на R2

(x1,x2) с гладкими чисто мнимыми
коэффициентами. Внешняя производная этой формы, имеющая вид
FA = dA =

∑2
i,j=1 Fijdxi ∧ dxj с коэффициентами Fij = ∂iAj − ∂jAi,

где ∂j = ∂/∂xj , отвечает напряженности электромагнитного поля,
так что член |FA|2 совпадает с лагранжианом Максвелла. Перемен-
ная Φ задается гладкой комплекснозначной функцией Φ = Φ1 +iΦ2 на
R2

(x1,x2), называемой иначе полем Хиггса. Физически, она описывает
сверхпроводящее скалярное поле, взаимодействующее с электромаг-
нитным полем. Ответственным за это взаимодействие является член

dAΦ = dΦ +AΦ =

2∑
i=1

(∂i +Ai)Φ dxi.

Функция Φ может иметь нули на плоскости, но на бесконечности
|Φ| → 1. Главная специфика лагранжиана Ландау–Гинзбурга опреде-
ляется членом
1
4 (1−|Φ|2)2, описывающим нелинейное ”самодействие” скалярного по-
ля Φ.

Укажем вначале, каким образом ведет себя указанная физическая
система в статическом случае. Ее потенциальная энергия задается
интегралом от лагранжиана по плоскости R2

(x1,x2), которую удобно
отождествить с комплексной плоскостью C с координатой z = x1+ix2.
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Решения модели, минимизирующие потенциальную энергию, называ-
ются вихрями. Согласно теореме Таубса, по любому конечному набо-
ру точек (с кратностями) на комплексной плоскости можно постро-
ить вихревое решение (A,Φ), для которого функция Φ имеет нули
только в заданных точках и с заданной кратностью. Таким обра-
зом, пространство вихревых решений с заданным вихревым числом
N (равным числу нулей Φ с учетом кратности) с точностью до есте-
ственной (т.н. калибровочной) эквивалентности можно отождествить
с множеством наборов из N точек (с учетом кратности) на комплекс-
ной плоскости. Сопоставляя каждому такому набору комплексный
полином N -й степени (со старшим коэффициентом единица), имею-
щий нули в заданных точках, мы видим, что указанное множество
отождествляется с N -мерным комплексным пространством CN .

В отличие от статической задачи, допускающей, как мы видим,
полное решение, рассчитывать на что-либо подобное в динамической
задаче не приходится. Можно однако получить ее приближенные ре-
шения, исходя из следующей идеи, принадлежащей Мэнтону. Каждое
решение динамической задачи представляет собой кривую (A(t),Φ(t))
в пространстве пар (A,Φ), заданных с точностью до упомянутой вы-
ше калибровочной эквивалентности. Удобно представлять себе ука-
занное пространство пар в виде ”оврага”, дно которого совпадает с
пространством статических решений (так что каждая точка на дне
есть статическое решение), а решение динамической задачи — в виде
траектории шарика, катающегося по стенкам оврага. Если уменьшать
скорость шарика, то его траектория будет прижиматься к дну оврага
и в пределе превратится в точку на дне. Однако, если ввести на каж-
дой траектории ”медленное время”, замедляя течение времени парал-
лельно с замедлением шарика, то в пределе таких ”масштабирован-
ных” траекторий получим уже не точку, а кривую, лежащую на дне
оврага, которая является геодезической пространства статических ре-
шений относительно метрики, задаваемой кинетической энергией си-
стемы. Конечно, такие кривые не могут быть решениями исходной
динамической задачи, поскольку каждая точка на такой кривой яв-
ляется статическим решением. Однако они приближенно описывают
динамические решения, обладающие малой кинетической энергией.
Нахождение указанных кривых сводится к решению уравнения Эй-
лера для геодезических на пространстве статических решений, наде-
ленном кинетической метрикой. Поведение таких геодезических поз-
воляет получить вполне конкретные выводы о поведении реальных
вихрей. Например, можно показать, что два вихря, движущиеся на-
встречу друг другу по прямой, соединяющей их центры, после лобо-
вого соударения разлетятся под прямым углом по отношению к линии
движения.
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Вихревые уравнения, как выяснилось в последнее время, тесно
связаны с уравнениями Зайберга–Виттена, вызвавшими настоящий
бум в топологии гладких 4-мерных многообразий. Эти уравнения не
инвариантны относительно изменения масштаба, поэтому для того,
чтобы извлечь из них ”полезную информацию” вводится параметр
масштаба r, который затем устремляется к бесконечности. Таубс по-
казал, что решение уравнений Зайберга–Виттена на 4-мерном сим-
плектическом многообразии, задаваемое парой комплексных функ-
ций, будет вести себя при этом следующим образом. Одна из функ-
ций стремится к тождественному нулю, а нули другой аппроксимиру-
ют некоторую цепь, составленную из псевдоголоморфных кривых Ck
с кратностями mk (псевдоголоморфность понимается относительно
комплексной структуры, совместимой с симплектической структурой
многообразия). Одновременно исходное уравнение Зайберга–Виттена
редуцируется к семейству вихревых уравнений, заданных в комплекс-
ных плоскостях, нормальных к кривым Ck. Обратно, для того, что-
бы можно было восстановить решение уравнений Зайберга–Виттена
по цепи

∑
mkCk, семейство вихревых решений в нормальных плоско-

стях должно удовлетворять нелинейному ∂̄-уравнению, которое мож-
но рассматривать как комплексный аналог уравнения Эйлера для гео-
дезических с ”комплексным временем” .
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Degenerate nonselfadjoint high-order
ordinary differential equations on an infinite

interval

L. Tepoyan, S. Zschorn

Yerevan State University, Armenia
E-mail: tepoyan@yahoo.com, sveta1985@inbox.ru

We consider the Dirichlet problem for degenerate ordinary differential
equations of the form

Lu ≡ (−1)m(tαu(m))(m) + a(−1)m−1(tα−1u(m))(m−1) + ptβu = f, (1)

where m ∈ N, t ∈ (1,+∞), α 6= 1, 3, . . . , 2m− 1, β ≤ α− 2m, a and p are
real constants and f ∈ L2,−β(1,+∞). Let Ẇm

α (1,+∞) be the completion

of Ċm := {u ∈ Cm[1,+∞), u(k)(1) = u(k)(+∞) = 0, k = 0, 1, . . . ,m − 1}
in the norm ‖u‖2

Ẇm
α

=
∫∞

1
tα|u(m)(t)|2 dt. For β ≤ α − 2m there is a

continuous embedding Ẇm
α (1,+∞) ↪→ L2,β(1,+∞), which is compact for

β < α− 2m.
A function u ∈ Ẇm

α (1,+∞) is called generalized solution of Dirichlet
problem for (1) if for every v ∈ Ẇm

α (1,+∞) holds the equality

(tαu(m), v(m)) + a(tα−1u(m), v(m−1)) + p(tβu, v) = (f, v).

Let d(m,α) = 4−m(α − 1)2(α − 3)2 · · · (α − (2m− 1))2. Then for u ∈
Ẇm
α (1,+∞) we have exact inequality∫ +∞

1

tα−2m|u(t)|2 dt ≤ d(m,α)

∫ +∞

1

tα|u(m)(t)|2 dt.

Theorem 1. Let the following condition be fulfilled

a(α− 1) > 0, d(m,α) +
a

2
(α− 1)d(m− 1, α− 2) + p > 0 (2)

Then equation (1) has a unique solution for every f ∈ L2,−β(1,+∞).

We have an operator L : L2,β(1,+∞) → L2,−β(1,+∞). Denote L :=
t−βL,D(L) = D(L). The operator L−1 acts in the space L2,β(1,+∞), is
continuous for β ≤ α− 2m and compact for β < α− 2m.

Now consider conjugate to (1) equation

Sv ≡ (−1)m(tαv(m))(m) − a(−1)m−1(tα−1v(m−1))(m) + ptβv = g. (3)
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We say that v ∈ L2,β(1,+∞) is a solution of (3) for g ∈ L2,−β(1,+∞)
if for every u ∈ D(L) holds the equality (Lu, v) = (u, g). Observe, that if
the condition (2) is fulfilled then the generalized solution of the equation
(3) exists and is unique for every g ∈ L2,−β(1,+∞). Notice also that
L∗ = S, where S := t−βS,D(S) = D(S).

Proposition 1. The spectra of operators L and S lie on the right half-
space.

Consider the selfadjoint differential equation

Lu ≡ (−1)m(tαu(m))(m) + pt−2mu = f, f ∈ L2,2m(1,+∞), α ≥ 0. (4)

Theorem 2. The domain of definition of the operator L consists of func-
tions u ∈ Ẇm

α (1,+∞), for which the value u(m−1)(+∞) is finite for
1
2 < α < 1, and for 2m− 2k − 2 < α < 2m− 2k − 1, k = 0, 1, . . . ,m− 2,

the values u(k)(+∞) also are finite.

Also, notice that the values u(k)(+∞), k = 0, 1, . . . ,m − 1 cannot be
given arbitrarily, they are defined by the right-hand side of the equation
(4) (see [1]).
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Gauge Theory in the Studies of the
Economic Dynamics

L.G. Badalian, V.F. Krivorotov

University of London, United Kingdom
E-mail: 4112lucy@gmail.com

Introduction
1. Gauges and how to use them in and outside of physics.

• Gauges are the basic measuring functions used generically for ob-
servation purposes.

• The main idea - a variable is presented as a parametric vector in
the base space of ei

Y = Y iei (1)

• The Gaussian gauge is among popular examples used in the pat-
tern recognition

e
∑ (x0i−xi)

2

2 (2)

In the most generic sense, it represents a non-linear function of distance.
2. Gauges were first developed in Physics:

• As settings for focusing equations to assure adequate group of
transformations.

• Aiming to focus on the signal by filtering out the white noise. In
pattern recognition this contributes to separability - the ability to
distinguish processed images as true positives while avoiding mixing
them with false positives.

• Compensation for nonlinearity, assuring linearization and in-
variant measurement. Technically, invariance of vector in a gauge
basis equals to finding the extremum for a functional.

Y = Y iei (3)

since
δY = 0 (4)

which is the necessary condition for equilibrium.
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The equilibrium means a mutual compensation of all extant flows at a
given point as the precondition for the very existence of an invariant sys-
tem of measurement. The latter is necessary both for experiment repro-
ducibility and the very ability to measure.
3. Repurposing gauges for the economics.

• Conditions for gauging. Let’s assume that the vector of supply
Y can be gauged through base demand ei

• The equilibrium hypothesis. (4) is the mathematical representa-
tion of the general equilibrium, achievable by varying prices. This is
the main issue of the classical economics and the bone of contention
between warring econ. schools.

• Conditions for clearing all the flows at each and every point of
sale can be derived from (4) and rewritten as

δY i

Y i
= −δei

ei
, Y iei = max. (5)

This means that any increase in supply must be compensated by a corre-
sponding increase in demand by varying prices at the point of sale [1].

From Theoretical considerations to Real Equa-
tions

Assuming x = x(t), x = {x0, x1, . . . , xN}, x0 = t, 0 ≤ i < N the ex-
tremum for the functional (3) can be written as Y k = Y k (x) , ek = ek (x) ,
0 < k ≤ K. Differentiation brings us to d

(
Y kek

)
= 0 and we get(

∂Y k

∂xj
ek +

∂ek

∂xj
Y k

)
ẋj =

(
∂Y k

∂xj
ek +

∂ei

∂xj
Y i

)
ẋj =

=

(
∂Y k

∂xj
+ ΓkijY

i

)
ekẋ

j . (6)

Assuming the independence of base vectors ekẋ
j we get the equations of

parallel transport [5, 262](
∂Y k

∂xj
+ ΓkijY

i

)
= 0,

(
Ẏ k + Γkij ẋ

jY i
)

= 0, (7)

where, by definition,

Γkijek =
∂ei

∂xj
, Γmij eme

k =
∂ei

∂xj
ek, Γkij =

∂ei
∂xj

ek (8)

are the connections or Christoffel’s symbols [5, 256]
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Gauges - popular systems and simple exam-
ples

Exponential functions e±ϕ, where ϕ (x, t) is the cumulate, x - is the growth
factor, t - time.

Exponents ei = e±ϕi , ϕi (x, t) =

∫
νi (x, ẋ, t) dt.

The base equations are produced by gauging ei = e−ϕi , ϕi =

∫
νi (x, ẋ, t) dt,

considering
∂ei

∂xj
= −

∂ϕk

∂xj
δki ek. Assuming (8), we get Γαij = −

∂ϕα

∂xj
δαi , with

non-zero Γααj =
∂ϕα

∂xj
. Substituting Γαij in (7) we obtain simple base equa-

tions

∂Yα

∂xi
−
∂ϕα

∂xi
Y α = 0, Ẏ α − ναY α = 0, να = (kαx− ωα). (9)

Since x0 = t, kα = (kα1, . . . , kαN ),
∂ϕα

∂xi
= kαi, if i 6= 0, or

∂ϕα

∂x0
=
∂ϕα

∂t
=

ωα for the case of i = 0.

Using Gauges for the Neoclassical Economics

Identifying the utility with cumulate ϕα(x, t) of the growth rates ϕ̇α (x, ẋ, t) =
να of the gross product Y a in the industry α of (9), let’s consider labor
L, capital K and technological progress A as factor-productivities in a
single industry model, with no direct relationship to time. Then the last
equation in (9) can be rewritten as

ν = kẋ, ν (x, ẋ) = (∇ϕ, ẋ) (10)

where x = (L,K,A) and k is the vector of marginal utilities for factors
L,K,A.

Cobb-Douglas function. We assume ∇ϕ = k =

(
α

L
,
β

K
,

1

A

)
, to ex-

presses the contention that the factor-productivities L,K,A obey the Ri-
cardian Law of Diminishing Returns [2]. Following Solow [6] the techno-
logical progress is assumed a residual A weighted to unity in regards to the
growth rates of the gross product explained through factor-productivities
of labor and capital. According to (10) we obtain Cobb-Douglas formula
mathematically, whereas they were found empirically [4]. This points at
a deeper meaning of this formula as perhaps representing the fundamen-
tal nature of the Law of Diminishing Returns, which was used to derive
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formula and equations (11)

νY (K,L,A) = α
L̇

L
+ β

K̇

K
+
Ȧ

A
, Ẏ = νY Y, Y = ALαKβ (11)

The Solow model adds to the Cobb-Douglas function yet another equa-
tion, namely, the capital self-reproduction K̇ = sY − δK from where we

get νK (K,Y ) = s
Y

K
− δ.

The marginal utility of capital generation as a factor productivity
∂ϕK

∂Y
=

s
d(lnK)

d(lnY )
/K̇.

The marginal self-correction of capital as a factor productivity
∂ϕK

∂K
=

−δ/K̇.
Accordingly the Solow model can be rewritten as

Ẏ = νY Y, K̇ = νKK. (12)

This brings us to equations tracing the phase gradients for factor produc-
tivities.

Gauges in the Monetary Economy, the ”In-
visible” Hand

The equations for self-regulating markets. We use equations based
on (9)–(10), where Y -is the GDP, M is the monetary mass, which mutu-
ally interplay to achieve equilibrium

Ẏ = νY Y, Ṁ = νMM, νY =
dϕY (Y,M)

dt
, νM =

dϕM (Y,M)

dt
(13)

Similar to the case of neoclassics, we build full derivatives of phases
ϕY , ϕM , using partial derivatives as in the second equation of (10) i.e.
(∇ϕ, ẋ) . Marginal utilities for factors Y and M are shown below [3].
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∂ϕY

∂Y
= h

(
1−

Y

CC

)
/Ẏ Marginal self-generation of the gross

product assumed equal to diminishing
returns per unit of growth

∂ϕY

∂M
= −i/

Ṁ

M
Marginal correction of the gross pro-

-duct through the monetary mass,
which are in inverse relationship
to the latter’s growth rates

∂ϕM

∂Y
= α/

Ẏ

Y
Marginal generation of the monetary

mass through the supply of the real
product is inversely proportional to
its growth rates

∂ϕM

∂M
= −ε/

Ṁ

M
Marginal self-correction of the monetary

mass inversely proportional to the
growth rates.

Substituting marginal utilities expressed through phases ϕY , ϕM above
into full derivatives νY , νM we obtain the equations of market’s self-
regulation (14) for ϕ̇Y , ϕ̇M

Ẏ = Y

(
h

(
1−

Y

CC

)
− iM

)
, Ṁ = M (αY − εM) ,

νY = h

(
1−

Y

CC

)
− iM, νM = αY − εM. (14)

Conclusion: by using gauges we demonstrated that self-regulation is a
feature of a closed system. This creates a fundamental paradox since any
closed system is devoid of sources of growth by definition.
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Ambo�j �vi nerkayacum� iraric tarber
bnakan �veri m-rd asti�anneri gumarneri  

tarberu�yunneri tesqov

A.S. MIQAYELYAN

Kr�u�yan Azgayin Institut

Suyn a�xatanq� grelu �ar�a�i�� <QVANT> amsagri �iv 2328 x�n{
dirn �:

Xndir 1. Hnaravor � yuraqan�yur ambo�j �iv nerkayacnel
ambo�j �veri xoranardneri gumari tesqov, oronc mej �linen
havasar �ver:

Xndir 1-i �ndhanracva�� klini.
Xndir 1*. Yuraqan�yur ambo�j �iv hnaravor � nerkayacnel

iraric tarber bnakan �veri m-rd asti�anneri gumarneri
 tarberu�yunneri tesqov:

Xndir 1**. Yuraqan�yur ambo�j �iv hnaravor � nerkayacnel
iraric tarber ambo�j �veri m-rd asti�anneri gumari tes{
qov, orte� m-� kent bnakan �iv � (m = 3 depqum kstananq
xndir 1-�):

Xndir 1*-i lu�um� stacvum � het yal �astic.
Lemma. Dicuq m-� 1-ic me� bnakan �iv �, isk c0-n aynpisi

bnakan �iv �, or (1) havasarum� uni anverj �vov

ε1x
m
1 + ε2x

m
2 + ...+ εkx

m
k = c0 (1)

(x1, x2, . . . , xk) = (a1n, a2n, ..., akn) lu�umner, orte� εi ∈ {−1; 1},
k ∈ N, isk ain (i = 1, 2, . . . , k) , n ∈ N bnakan �ver� mimyancic
tarber en: Ayd depqum yuraqan�yur ambo�j �iv hnaravor �
nerkayacnel iraric tarber bnakan �veri m-rd asti�anneri
gumarneri u tarberu�yunneri tesqov: �nd orum, yuraqan{
�yur ambo�j �vi hamar aydpisi nerkayacumnern anverj en:

Sahmanum.

∆s
m (x, p) = ∆s−1

m (x, p)−∆s−1
m

(
x, p− 2s−1

)
,

orte� 1 ≤ s ≤ m, p ≥ 2s−1, m, p, s ∈ N, x ∈ R:
∆s
m (x, p) erku �o�oxakani funkcian kanvanenq 2s hat erkan{

damneri` x+ p, x+ p− 1, . . . , x+ p− (2s− 1) m-rd asti�anneri tar{
beru�yunneri bazmandam: Ayl kerp asa�` ∆s

m (x, p)-� 2s hajordakan
erkandamneri m-rd asti�anneri` (x+ p)m, (x+ p− 1)m, . . . , (x+ p−
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2s−1)m, (x + p − (2s−1 − 1))m, (x + p − (2s − 1))m a�ajin  erkrord
2s−1-yakneri naxord tarberu�yunneri tarberu�yunn �:

∆s
m (x, p) bazmandami himnakan hatku�yun�

Hatku�yun. ∆m
m(x, p) = 2

m(m−1)
2 m! = c0:

Vercnelov x = n ∈ N  p = 2m − 1, kstananq k = 2m hajordakan
bnakan �verim-rd asti�anner` xm1 = (n+ 2m − 1)

m
, xm2 = (n+ 2m−

−2)
m
, . . . , xmk−2 = (n+ 2)

m
, xmk−1 = (n+ 1)

m
, xmk = nm, oronq kbava{

raren (1) havasarman�` ε1x
m
1 + ε2x

m
2 + · · ·+ εkx

m
k = ∆m

m (n, 2m − 1) =

2
m(m−1)

2 m! = c0, ∀n ∈ N: Hamapatasxan εi ∈ {1;−1}, i = 1, 2, . . . , k =
2m koro�ven het yal kargov (ε1 = 1 kam ε1 = −1 kgrenq hamapa{
tasxanabar <+>  <-> n�annerov):

�ndhanrapes 2m-yaki n�anner� koro�ven ∆m
m →

(
∆m−1
m−1

)
−
(
∆m−1
m−1

)
andradar� bana� ov: Xndir 1*-i lu�um� avartelu hamar mnum �
�gtvel lemmayic: Sakayn xndir 1-i lu�man hamar orpes c0 kareli
vercnel in�pes c0 = 2, k = 3, aynpes �l` c0 = 1, k = 3 : A�ajin depqum
menq kstananq x3

1 + x3
2 + x3

3 = x3 + y3 + z3 = 2 havasarum�, ori
hamar iraric tarber anverj �vov ambo�j lu�umner klinen, �rinak`
x = 6n3 + 1, y = 1 − 6n3, z = −6n2 e�yakner�, orte� n ∈ Z  n 6= 0 :
Erkrord depqum x3 + y3 + z3 = 1 havasarman hamar` x = 9n4, y =
1− 9n3, z = 3n− 9n4, n 6= 0, n ∈ Z e�yakner�:

Xndir 1-�  Uoringi problem�

1770�.-in angliaci ma�ematikos �duard Oworing� (Varing) arec
het yal en�adru�yun�.

Yuraqan�yur m > 1 bnakan �vi hamar goyu�yun uni aynpisi
k = k (m) bnakan �iv, ori depqum ∀M ∈ N �iv kareli � nerkayacnel k
hat o� bacasakan ambo�j �verim-rd asti�anneri gumari tesqov`
M = xm1 + xm2 + · · ·+ xmk , xi ∈ N0:

Masnavorapes Oworingi xndrum m = 2 depqum nvazaguyn k0 =
k (2) = 4, apa xndir 1*-um` m = 2 depqum nvazaguyn k̃0 (2) = 3-n �,
isk m = 3-i hamar k0 (3) = 9, min�de� xndir 1**-um m = 3-i hamar

k̃0 (3) ≤ 7:
Xndir 2. Yuraqan�yur ambo�j �iv hnaravor � nerkayacnel 7

iraric tarber ambo�j �veri xoranardneri gumari tesqov:

s = s3 +

(
s− s3

6
+ 1

)3

+

(
s− s3

6
− 1

)3

+

(
s− s3

6

)3

+

+

(
8 · s− s

3

6

)3

+

(
9 · s− s

3

6

)3

+
(
s− s3

)3
:
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Erb s ∈ {0;−1; 1}, apa s = s3 + 23 + (−2)
3

+ 33 + (−3)
3

+ 43 + (−4)
3
:
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