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�afayel Aleqsandryan� �nvel � 1923�. marti 29-in Aleqsandrapo{
lowm: 1945�-in, avartelov EPH fizma� fakowltet�, gor�ow�vel � MPH,
orte� �l sovorel � aspirantowrayowm S. L. Sobol i �ekavarow�yamb:
�ekna�owakan atenaxosow�yown� pa�tpanel � 1949�., isk doktora{
kan�` 1962�.:
Nra naxa�e�now�yamb EPH bacvec diferencial havasarowmneri am{
bion, orn �l na glxavorowm �r erkar tariner: Tarber �amanaknerin
�. Aleqsandryan� �ekavarel � Ma�ematikayi institowti diferen{
cial havasarowmneri ba�in�, e�el � GA ha�vo�akan kentroni tn�ren,
EPH pro�ektor ow mexma� fakowlteti dekan:
Nra (�. Mirzaxanyani het hamate�) \�ndhanowr topologia" da{
sagirq� ays�r �l layn �ana�owm owni:
�. A. Aleqsandryan� 1986�. gitakan nva�owmneri hamar ar�anacel
� XSHM petakan mrcanaki (S. L. Sobol i, V. N. Maslennikovayi  
S. V. Owspenskow het hamate�):
�. Aleqsandryan� vax�anvel � 1988�, marti 22:

Mejberowmner hodva�ic, or� storagrel �in haytni L. V. Kantorovi��,
S. N. Mergelyan�, �. A. �leynik�, S. L. Sobol � (UMN, 39(4), 1984).

�.A. Aleqsandryan� ir gitakan gor�owneow�yown� sksel � S. L. So{

bolevi hamakargi hamar bolorovin nor tipi xa�� xndirneri

low�owmneri orakakan hatkow�yownneri hetazotmamb: Na han{

gec Dirixlei hamase� xndri hetazotman�, or� dasakan tes{

ankyowsnic ko�ekt ��: Nran hajo�vec ka�owcel o�ork se�akan

fownkcianeri bacahayt nerkayacowm  apacowcel dranc lrivow{

�yown�:



�. A. Aleqsandryani owsowmnasirow�yan �akan �owleric mek� in{

tegrodiferencial �peratori �ndhanraca� se�akan fownkci{

aneri hamakargi ka�owcman xndri hangecowmn �r hatowk difeo{

morfizmneri �ntaniqov �nva� dinamik hamakargeri �rgodik

hatkow�yownneri owsowmnasirman�: Nran hajo�vec n�el yowr�ri{

nak �anaparh, or� hnaravorow�yown � talis ka�owcel in�pes

o�ork se�akan fownkcianeri, aynpes �l se�akan fownkcional{

neri oro�aki daser:

O� �liptik diferencial �peratorneri �njeri owsowmnasirow{

�yan �n�acqowm parzvec, or hamapatasxan se�akan fownk{

cianer�, orpes kanon, xzvo� en  anpaymanoren petq � di{

tarkven �ndhanracva� imastov: �. A. Aleqsandryan� a�a{

jarkec o�-�liptik ezrayin xndirner� owsowmnasirel, grg�elov

qnnarkvo� havasarowm� �oqr, zowt ke�� gor�akcov definit

�peratorov, in�� �at depqerowm hnaravorow�yown � talis ow{

sowmnasirel skzbnakan xndir�: �. A. Aleqsandryan� m�akec hi{

�atakva� motecowm� �ndhanowr inqnahamalow� �peratorneri

tesow�yan depqowm  mtcrec spektri korizi ga�a�ar�, in�pes

na n�ec se�akan fownkcionalneri lriv hamakargi ka�owcman

ham�ndhanowr e�anak:

�. A. Aleqsandryani verjin a�xatanqnerowm hi�atakva� ga{

�a�arner� stacan hetaga zargacowm arden kamayakan inq{

nahamalow� �peratorneri hamar:

�. A. Aleqsandryan� irakanacrel � bazmako�mani gita-kaz{

makerp�akan gor�owneow�yown` ow��va� Hayastanowm masnaki

a�ancyalnerov diferencial havasarowmneri, fownkcional ana{

lizi,  topologiayi zargacman�: Ays a�owmov hatkapes me�

der � katarel �.A. Aleqsandryani himnadra� EPH diferencial

havasarowmneri ambion�, in�pes na aveli qan 30 tari gor�o�

seminar�, or� npastel � hanrapetow�yan eritasard ma�e{

matikosneri me� banaki kayacman�:

�. A. Aleqsandryan� hianali mankavar� �r` ��tva� amenabard

nyow�� mat�eli  hrapowri� nerkayacnelow ta�andov: Orte�  

in� pa�tonowm �l a�xatel � �. A. Aleqsandryan�, nra pahanjko{

tow�yown� in�pes ir, aynpes �l owri�neri nkatmamb, layn gitakan

�rowdician, �amanakakic ma�ematikayi norow�yownner� �nka{

lelow m�takan �gtowm� zgali �a�ov npastowm �in Hayastani

eritasardneri gitakan hetazotow�yownneri makardaki bar{

�racman�  nranc mtahorizoni �ndlaynman�:



Rafael Alexandrian was born in 1923, on March 29. After graduating
of Yerevan State University MathPhys faculty in 1945, he was sent to
Moscow State University, where his advisor was S.L. Sobolev. He de-
fended his Ph.D. thesis in 1949, and the doctor of Science thesis in 1962.
On his initiative, in YSU was opened the chair of differential equations,
which he led for many years.
During different periods, Alexandrian led the department of differential
equations of the Institute of Mathematics, has been the director of the
Computational Science Center, was Pro-rector and the Dean in YSU.
His (together with E. Mirzakhanyan) textbook “General Topology” is
widely recognized till now.
In 1986 R. Alexandrian 1986 was awarded the USSR State Prize for Scien-
tific Achievement (with S.L. Sobolev, V. N. Maslennikova, and S. V. Us-
penski). R. Alexandrian died in 1988, on March 22.

Quotations from the article, which was signed by L. V. Kantorovich,
S. N. Mergelyan, O. A. Oleynik, S. L. Sobolev (UMN, 39 (4), 1984):

He started his scientific activity with studying qualitative properties of the
solutions of a completly new type of S. L Sobolev’s mixed systems. He
came to the study of a homogeneous Dirichlet problem, not well posed
from the classical point of view. He succeeded to construct an explicit
representation of the system of smooth eigenfunctions and to prove their
completeness. One of the essential phases in the construction of the sys-
tem operator was reducing the problem to the study of ergodic properties
of a dynamic system generated by a special system of diffeomorphisms.
He presented an original construction that enables to build both a class of
smooth eigenfunctions and a class of eigenfunctionals.



In studying non-elliptic differential operator bundles it became clear that
the spectral properties of corresponding expansions, as a rule, qualitatively
depend of the domain type and the respective eigenfunctions should be in-
terpret in the generalized sense. R. A. Alexandrian proposed an idea to
study non-elliptic boundary-value problems with a small perturbation of
the considered equation by a definite operator with small properly imag-
inary factor which in many cases enables to study the initial problem.
R. A. Alexandrian treated this approach to the spectral theory of gen-
eral self-adjoint operators, and particularly introduced the notion of the
spectrum kernel, and showed the universal procedure of cunstracting the
complete system of eigenfunctionals.
R. A. Alexandrian conducted a comprehensive scientific-organizational ac-
tivity led to development in the republic the investigations on partial dif-
ferential equations, functional analysis, topology. The chair of differen-
tial equations, established by R. A. Alexandrian and the regular workshop
led by him during more than 30 years play a great role in formation of
a whole number of young mathematicians. R. A. Alexandrian was an
excellent teacher, endowed with the talent to present the most complex
material in accessible and attractive way. Where and by whom was being
worked R. A. Alexandrian, his demanding to himself and to others, his
wider erudition, ongoing commitment to perceiving new ideas in the mod-
ern mathematics significantly contribute to the expansion horizons and
mathematical culture, increasing the level of scientific research of young
mathematicians of Armenia.
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Hyperspaces of compact convex bodies . . . . . . . . . . . . . . . . . . . . . . . 19

R.H. Aramyan (Yerevan)
A solution of generalized cosine equation in Hilbert’s fourth prob-
lem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

V. Arzumanian (Yerevan)
Inverse crossed products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

V.S. Atabekyan (Yerevan)
On a question about the semigroup of endomorphisms of relatively
free groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

M. Aukhadiev (Kazan)
On a category of noncommutative quantum deformations of com-
pact groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

A.H. Babayan (Yerevan)
Defect Numbers of the Dirichlet Problem for Elliptic Equations . 28

R.B. Barkhudaryan (Yerevan)
Numerical solutions of the obstacle like problems . . . . . . . . . . . . . 30

Ë.À. Áåêëàðÿí (Ìîñêâà)
Î êâàçèáåãóùèõ âîëíàõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31



Ñ.Ë. Áåðáåðÿí (Åðåâàí)
Î íåêîòîðûõ ãðàíè÷íûõ ñâîéñòâàõ íîðìàëüíûõ ôóíêöèé . . 33

A. Gasparyan and V.K. Ohanyan (Yerevan)
Covariogram of a triangle and chord length distribution . . . . . . . 35

H.G. Ghazaryan (Yerevan)
On the Density of C∞0 in Some Multi - anisotropic Sobolev Spaces 37

L. Gevorgyan (Yerevan)
On self-commutators of some operators . . . . . . . . . . . . . . . . . . . . . 39

S. Grigorian and E. Lipacheva (Kazan)
Noncommutative C∗-algebras and quantum semigroups, generated
by the elementary inverse semigroup . . . . . . . . . . . . . . . . . . . . . . . . 41

T. Grigorian and K. Hovsepyan (Kazan)
C∗-algebras generated by inverse subsemigroups of the bicyclic semi-
groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

A. Hajian (Boston)
Infinite ergodic transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

G.S. Hakobyan and A.A. Petrosyan (Yerevan)
On a generalization of nonlinear pseudoparabolic variational in-
equalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

E. Haroutunian (Yerevan)
Neyman-Pearson Principle for More than Two Hypotheses∗) . . . 49

E. Haroutunian and N. Afshar (Yerevan)
Random Coding Bound for Secrecy E-capacity Region of the Mul-
tiple Access Channel With Confidential Messages . . . . . . . . . . . . . 51

E.A. Haroutunian and T.M. Margaryan (Yerevan)
On the Shannon Cipher System with Noisy Channel to the Wire-
tapper Guessing Subject to Distortion Criterion . . . . . . . . . . . . . . 53

E.A. Haroutunian and I.A. Safaryan (Yerevan)
Optimal Rank Test for Two-dimensional Data Homogeneity Anal-
ysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

H.S. Harutyunyan (Yerevan)
Chord length distribution function for convex polygons . . . . . . . . 56



T.N. Harutyunyan (Yerevan)
Some inverse spectral problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

T.N. Harutyunyan and Yu.A. Ashrafyan (Yerevan)
Inverse spectral problem for a string equation with partial informa-
tion on the density function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

T.N. Harutyunyan and A. Aslanyan (Yerevan)
The solution of the inverse Sturm-Liouville problem for summable
potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

T.N. Harutyunyan and A.A. Pahlevanyan (Yerevan)
The uniqueness of the solution of a Gelfand-Levitan equation . . 62

A.G. Kamalyan, A.B. Nersesyan (Yerevan)
Some L-convolution type integral operations on the semi-axis . . . 63

M.I. Karakhanyan (Yerevan)
Almost periodicity in the spectral analysis of representations gen-
erated by a generalized shift on a locally compact space . . . . . . . . 65

L.A. Khachatryan (Yerevan)
Convergence rate in the central limit theorem for martingale-difference
random fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Yu.A. Kutoyants and L. Zhou (Le Mans)
On approximation of the backward stochastic differential equation 69

A.Yu. Kuznetsova and E.V. Patrin (Kazan)
C∗-subalgebras of Cuntz-Krieger algebras . . . . . . . . . . . . . . . . . . . . 71

R. Mkrtchyan (Yerevan)
General form of bounded linear functionals in some normed spaces 73

Yu.M. Movsisyan (Yerevan)
Boole-De Morgan Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

K. Muradyan (Yerevan)
Theorems on convergence of sector sums of Haar and Walsh sys-
tems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

G. A. Nalbandyan (Stepanakert)
Chebyshev Grids of Surfaces in Riemann decomposable spaces . . 77



A.S. Nikitin and A.S. Sitdikov (Kazan)
Permutation symmetry of the tensor categories in the theory of
finite Fermi systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

V.K. Ohanyan (Yerevan)
Pattern recognition by covariogram . . . . . . . . . . . . . . . . . . . . . . . . . 80

A.S. Pahlevanyan and A.L. Gevorgyan (Yerevan)
On perfectness of the category of periodic groups . . . . . . . . . . . . . 82

A.I. Petrosyan (Yerevan)
Duality and bounded operators in spaces of harmonic functions . 84

G.R. Petrosyan (Yerevan)
Colored Petri Nets as a Context-free Languages Modeling System 86

S. Poghosyan (Yerevan)
On the Construction of Point Processes in Statistical Mechanics 88

G.G. Sahakyan (Stepanakert)
On a problem for two-dimensional Dirac’s system . . . . . . . . . . . . 90

K.P. Sahakyan (Yerevan)
Some quadrature and cubature formulas of Hermite type . . . . . . . 92

L.P. Tepoyan (Yerevan)
Nonself-adjoint degenerate ordinary differential equations of higher
order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

A. Vagharshakyan (Yerevan)
On spectrum of Sturm-Liouville operator . . . . . . . . . . . . . . . . . . . . 95



Alexandiran AMU 2013 Annual Session

Isotopic and isomorphic semirings

L.R. Abrahamyan

Scientific center of Artsakh, Stepanakert
E-mail: liana abrahamyan@mail.ru

Definition 1. Semiring is a set R equipped with two binary operations
+ and · (called addition and multiplication), such that

1. (R,+) is a commutative monoid with identity element 0:

(a) (a+ b) + c = a+ (b+ c);

(b) 0 + a = a+ 0 = a;

(c) a+ b = b+ a.

2. (R, ·) is a monoid with identity element 1:

(a) (ab)c = a(bc);

(b) 1a = a1 = a.

3. The left and right multiplications distribute over addition:

(a) a(b+ c) = (ab) + (ac);

(b) (a+ b)c = (ac) + (bc).

4. Multiplication by 0 annihilates R:

0a = a0 = 0.

Definition 2. A semiring (R,+, .) is called commutative, if (R, .) is a
commutative groupoid.

Examples.

• The motivating example of a semiring is the set Z+ of non-negative
integers under usual addition and multiplication. This semiring is
commutative.

• The set of all square matrices of given order with non-negative en-
tries forms a (non-commutative) semiring under usual matrix addi-
tion and multiplication. More generally, one can consider the set
of square matrices with entries from any other given semiring S,
and the obtained semiring may be non-commutative, even if S is
commutative.
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• If A is a commutative monoid, the set End(A) of endomorphisms
of A forms a semiring, where addition is the pointwise addition and
multiplication is the composition of functions. The zero and identity
morphisms are respectively the neutral elements of the semiring.

• The set of ideals of a ring forms a semiring under addition and
multiplication of ideals.

• Any bounded, distributive lattice is a commutative idempotent semir-
ing under the join and meet operations.

Main result.
We consider the following concept of isotopy.
Rings (or semirings) Q(+1, ·1) and Q′(+2, ·2), are called isotopic if there
exist bijective mappings

α, β, γ : Q→ Q

such that

1. α(x · y) = β(x) ◦ γ(y)

2. α, β, γ ∈ Aut[Q(+)]

Theorem. Isotopic semirings are isomorphic.

References

[1] A.G. Kurosh, Lectures in General Algebra. Nauka, Moscow,1973.
[2] Yu.M. Movsisyan, Introduction to the theory of algebras with hyperi-

dentities. Yerevan State University Press, Yerevan, 1986.
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Graph based orthogonal quasigroups in
design of error correcting codes

Y.Ts. Alaverdyan

State Engineering University of Armenia
E-mail: ealaverdjan@gmail.com

The main theoretical issue in communication and coding theory is to find
the best rates of source or channel block codes that, assuming a known
probabilistic model, guarantee arbitrarily small probability of error (or
tolerable average distortion) when the block length is sufficiently large.
The type of a sequence x = (x1, . . . , xN ) ∈ XN is a probability distribu-
tion P = {P (x) = (N(x | x))/N, x ∈ X}, where N(x | x) is the number
of repetitions of symbol x among (x1, . . . , xN ). Thus, the types define a
partition of the set of all N -length sequences into classes according to
their empirical distributions, [1].
Classes of equivalencies on graphs, generating a special class of permu-
tations, so called cycles ([2]), stand for a special implementation of the
method of types ([1]), in that they provide an alternative method to gen-
erate typical balanced sequences. In this sense, orthogonal quasigroups
are mostly attractive, as orthogonal (Q, ∗) and (Q, \) both are permuta-
tions on the same set Q.
As an alternative to the algebraical method of generating orthogonal
quasigroups, the method of partitioning a simple connected graph into
subsets with equal cardinalities is proposed. The sequence block size will
dictate the order of the quasigroup, which, in own turn, will dictate the
cardinality of the set of vertices of the graph. The orthogonal parastrophe
in that case is the inverse permutation in appropriate cycles.
Given a quasigroup (Q, ∗), balancing of the transmitted message is ob-
tained by the quasigroup operation * on the given set. In order to de-
tect/correct errors, we extend the input message a1 a2 a3 . . . an to block
a1 a2 a3 . . . an d1 d2 d3 . . . dn, where di = ai ∗ ai+1 modn, i = 1, 2, . . . , n.
Error correction is made by exploiting the orthogonal parastrophe of the
given quasigroup. As the elements of the quasigroup are closely corre-
lated to each other, the latter provides diffusion of the error within the
whole transmitted message, which makes it possible not only detect, but
also correct several errors, providing construction of bounding minimum
distance code so developed.
Let C be an (n.k) code over GF (q), with minimum distance d. We assume
C is being used to correct t errors, where t is a fixed integer satisfying
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2t ≤ d−1. The decoder is implemented to be a bounded distance decoder,
which looks for a codeword within distance t of the received word. Thus,
t or fewer errors are recovered correctly, and with more than t errors,
probability of decoding failures and errors, PF and PE , will be estimated.
Estimation of PF and PE becomes difficult for d − t errors, and conse-
quently, with at least d−t errors the received error pattern will be treated
as random. It that case, the probability that a random error pattern will
cause decoder error is given by

Q =
(qk − 1) · Vn(t)

qn
= (q(−r) − q(−n))) · Vn(t), (1)

where r = n− k is the code redundancy and

Vn(t) =

t∑
s=0

(
n
s

)(q − 1)n (2)

is the volume of a Hamming sphere of radius t. This leads to the following
estimation for PE :

PE ≈ Q · Pr{≥ d− t errors}. (3)

Probability that the error pattern has weight w leads to

PE =

n∑
w=0

PE(w)qw, PF =

n∑
w=0

PF (w)qw, (4)

where PE(w) and PF (w) denote the conditional probabilities of decoder
error and failure respectively, given w channel errors. Notice that PE(w) =
PF (w) = 0 for w ≤ t and PE(w) = 0, PF (w) = 1 for t < w < d − t. For
w ≥ d− t we have PE(w) +PF (w) = 1, and so if PE(w) is known, PF (w)
can be found, and vice versa.
A future work will be dedicated to derive upper bounds on the decoder
error and failures probabilities for codes over a simple graph based on
orthogonal quasigroups with provision of numerical results.

References
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Invariant Imbedding in Integral Geometry
and Tomography

R.V. Ambartzumian

Institute of Mathematics, NAS of Armenia
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The well known in the theory of radiative transfer “Invariance princi-
ple” of V.A. Ambartsumian is often called “Invariant Imbedding”, which
term was proposed by famous US mathematician Richard Bellman. How-
ever Bellman entirely recognized V.A. Ambartsumian’s priority. Thus, in
the book “Invariant Imbedding and Radiative Transfer in Slabs of Finite
Thickness” R.E. Bellman, R.E.Kalaba and M.C.Prestrud wrote that “due
to V.A. Ambartsumian’s pioneering work many of otherwise intractable
problems were tamed, and great advances were made”.
No less well known is V.A. Ambartsumian’s contribution in the field
which now is called Integral Geometry. In his paper [1] Nobel Laure-
ate A.M. Cormack made the following comment pointing to the relation
of V.A. Ambartsumian’s work of 1936 to computer tomography: Ambart-
sumian gave the first numerical inversion of the Radon transform and
it gives the lie to the often made statement that computed tomography
would have been impossible without computers. In fact V.A. Ambart-
sumian was an independent discoverer of the Radon transform, a starting
point of Integral Geometry. In the book “A Life in Astrophysics” pub-
lished in New York in 1998 there is an Epilogue written by V.A. Ambart-
sumian that contains the following lines: “More recently, I learned that
the invariance principle or invariant imbedding was applied in a purely
mathematical field of integral geometry, where it gave birth to a novel,
combinatorial branch. The resources of the invariance principle seem to
be immense indeed!”
In Integral geometry that method was applied for the first time in the
paper [2]. The same Invariant Imbedding derivation was reproduced in
[3]. The solution of the Buffon-Sylvester Problem in R3 ([4]) was also
based on Invariant Imbedding. The monograph [5] contains several dif-
ferent proofs of that theorem, yet the first chapter there still points at
Invariant Imbedding as the natural analytical approach that first led to a
solution of a century-old Buffon-Sylvester Problem. So the tool of Invari-
ant Imbedding led to discovery of the Combinatorial Integral Geometry
tools.
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At Vancouver International Congress of Mathematicians the invited talk
[6] was on Stereology. The concepts of Mathematical Stereology and
Mathematical Tomography are closely related, so it does not come as
a surprise, that the solution to the Buffon-Sylvester Problem would one
day find application in Mathematical Tomography. The ground-breaking
paper [7] contains a result in loose terms described as follows.
The problem of reconstruction of general planar convex domain D on the
basis of parallel X-rays (Hammer’s X-ray problem) was posed in 1961
at the A.M.S. Symposium on Convexity: how many X-ray pictures of a
convex body must be taken to permit its exact reconstruction? 45 years
later Richard Gardner in his fundamental 2006 book “Geometrical To-
mography” wrote that parallel X-rays in four different directions would
do the job. Now [7] shows that in the usual asymptotical sense parallel
X-rays in only three different directions can be enough for reconstruction
of centrally symmetric convex domains. The accuracy of reconstruction
increases as the directions of the three X-rays change, all three converging
to some given direction. This approach is totally distinct from say, Radon
transform inversion or approaches found in Gardner’s book.
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Introduction. In the report we consider a system of two linear differ-
ential equations with determinant not equal to zero identically, and not
reducible to a normal system.

Section 1. The Cauchy problem for the following system of ordinary
differential equations is studied{

L1(p)u1 + L2(p)u2 = f1

L3(p)u1 + L4(p)u2 = f2
, (1)

where Li(p) (i = 1, 4) are polynomials of the differentiation operator
p = d

dt with constant coefficients, unknown functions u1, u2 and given
functions f1, f2 being sufficiently many times differentiable. The system
(1) can be represented in matrix form as

L(p)u = f,where (2)

L(p) =

[
L1(p) L2(p)
L3(p) L4(p)

]
, u =

[
u1

u2

]
, f =

[
f1

f2

]
.

Let D(L) be the determinant of the matrix L(λ) of the system (2).
In the paper [1] a necessary and sufficient condition for solvability of the
system (1) is found when D(L) ≡ 0 .
In the present report, the Cauchy problem for the system (1), which is not
resoluble with respect to the highest derivative, and D(L) 6= 0 is studied.
Let us consider the homogeneous system{

L1(p)u1 + L2(p)u2 = 0
L3(p)u1 + L4(p)u2 = 0.

(3)

Let λ be a zero of multiplicity k of the polynomial D(L). According to the
elimination method (see [2]), the solution u = [u1, u2] of the system, cor-
responding to λ, is represented by u = g(t)eλt, where g(t) = [g1(t), g2(t)],
gi (i = 1, 2) are polynomials with orders not exceeding k − 1.
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Section 2. Let n be the order of the polynomial D(L), λ1, · · ·λr be
the set of all its distinct zeros, and let mj

i be the multiplicity of such
λi, which are also the zeros of the polynomial Lj , i = 1, r, j = 1, 4,
ω1
i ≡ min(m1

i ,m
3
i ), ω

2
i ≡ min(m2

i ,m
4
i ), ω1 ≡

∑r
i=1 ω

1
i , ω2 ≡

∑r
i=1 ω

2
i .

Theorem. For any αi ∈ R, i = 0, ω1 − 1, βj ∈ R, j = 0, n− ω1 − 1,
the system (1) has the unique solution under any of the following initial
conditions

1.

{
u

(i)
1 (0) = αi i = 0, ω1 − 1

u
(j)
2 (0) = βj j = 0, n− ω1 − 1

, where n > ω1 > 0.

2.

{
u

(i)
1 (0) = αi i = 0, n− ω2 − 1

u
(j)
2 (0) = βj j = 0, ω2 − 1

, where n > ω2 > 0.

3. u
(i)
1 (0) = αi i = 0, ω1 − 1, where n = ω1.

4. u
(i)
2 (0) = βi i = 0, n− 1, where w1 = 0.
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Introduction. A convex subset of a Euclidean space Rn, n ≥ 1, is called
a body if it has a nonempty interior. In this paper we compute the hy-
perspace cb(Rn) of all compact convex bodies A ⊂ Rn and prove that the
orbit space cb(Rn)/Aff(n) under the natural action of the affine group
Aff(n) is homeomorphic to the Banach-Mazur compactum BM(n).

Section 1. Let cb(Rn) be endowed with the Hausdorff metric:

dH(A,B) = max

{
sup
b∈B

d(b, A), sup
a∈A

d(a,B)

}
, A,B ∈ cb(Rn)

where d is the standard Euclidean metric on Rn.
We will denote by Bn the closed n-dimensional Euclidean unit ball and
by Q the Hilbert cube, i.e., Bn =

{
(x1, . . . , xn) ∈ Rn

∣∣ ∑n
i=1 x

2
i ≤ 1

}
and

Q = [0, 1]∞.
It is easy to see that cb(R1) is homeomorphic to the Euclidean plane R2.
However, the topological structure of cb(Rn) for n ≥ 2 has remained open
until now.
In this report we provide a complete investigation of this problem. Here
is our main result:

Theorem 1. For any n ≥ 2, the hyperspace cb(Rn) is homeomorphic to
the product Q× Rn(n+3)/2.

Our argument is based on some fundamental properties of the natural
action of the affine group Aff(n) on cb(Rn) and also on the classical re-
sult in affine convex geometry about the John minimal-volume ellipsoid.
Namely, it was proved by F. John [4] that for each A ∈ cb(Rn), there exists
a unique minimal-volume ellipsoid l(A) that contains A. It turns out that
the map l : cb(Rn) → E(n) is an Aff(n)-equivariant retraction onto the
subset E(n) of cb(Rn) consisting of all n-dimensional ellipsoids. Denote
by L(n) the inverse image L(n) = l−1(Bn). In other words, L(n) is the
subspace of cb(Rn) consisting of all convex bodies for which the unit ball
Bn is the John minimal-volume ellipsoid.
As an intermediate result we first prove the following
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Theorem 2. cb(Rn) is homeomorphic to the product L(n)× E(n).

Further, using profound results and methods of Infinite-Dimensional Topol-
ogy, we prove that L(n) is homeomorphic to the Hilbert cube Q, while
E(n) is homeomorphic to the Euclidean space Rn(n+3)/2. Thus, we get
that cb(Rn) is homeomorphic to the product Q× Rn(n+3)/2, as required.

Section 2. Another reason to study the hyperspace cb(Rn) is its close
relationship with such classical objects as the Banach-Mazur compacta
BM(n). Recall that BM(n) is the set of all isometry classes [E] of all
n-dimensional Banach spaces, topologized by the following metric best
known in Functional Analysis as the Banach-Mazur distance:

d
(
[E], [F ]

)
= ln inf

{
‖T‖ · ‖T−1‖ | T : E → F is a linear isomorphism

}
.

These spaces were introduced in 1932 by S. Banach [3] and they continue
to be of interest. A. Pelczyński’s old question of whether the Banach-
Mazur compacta BM(n) are homeomorphic to the Hilbert cube (see [5,
Problem 899]) was answered negatively for n = 2 by the first author [1];
the case n ≥ 3 still remains open.
Here we prove that the orbit space cb(Rn)/Aff(n) is homeomorphic to
the Banach-Mazur compactum BM(n). The reader can find other results
concerning the Banach-Mazur compacta and related spaces in [2].
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Introduction. The fourth problem in Hilbert’s famous collection of 1900
asks particularly to give a description of axiomatically defined geometries,
in which there exists a notion of length such that line segments are the
shortest connections of their endpoints.
It was shown in [3] that it is the same to ask: determine all complete,
continuous and linearly additive metrics in Rn.
The modern approaches make it clear that the problem lies in the foun-
dation of integral geometry, inverse problems and Finsler geometry.

We denote by E the space of planes in R3, S2 the unit sphere. We denote
also by [x] the bundle of planes containing the point x ∈ R3. Let µ be
a locally finite signed measures on the space E, which posses densities
h(e) with respect to the standard Euclidean motion invariant measure.
To define the function hx on S2 we consider the restriction of h onto [x]
as a function on the hemisphere. Then we extend the restriction to S2 by
symmetry.
The following result (see [3]) belongs to A.V.Pogorelov.

Theorem. If H is a smooth linearly additive Finsler metric in R3 , then
there exists a uniquely determined locally finite signed measure µ in the
space E, with continuous density function h, such that

H(x,Ω) =

∫
S2

|(Ω, ξ)|hx(ξ) dξ for (x,Ω) ∈ R3 × S2. (1)

Here hx is the restriction of h onto [x], dξ denotes the spherical Lebesgue
measure on S2.

The measure µ is called a Crofton measure for the Finsler metric H. Thus
for smooth linearly additive Finsler metrics, Pogorelov’s result establishes
the existence of a Crofton measure, generallly not positive. The equation
(1) where H is a given even function and h is required, we call generalized
cosine equation.
Note that in case when the measure µ is transition invariant on E (that
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means dµ = m(xi) · dp = h(ξ)dξ · dp), the equation (1) represents the
cosine equation (the zonoid equation).

The problem of finding a solution of (1) we reduce to the finding a solution
of an other integral equation (so called flag density equation) appearing
in Combinatorial Integral Geometry (see [4]).

In [1] (see also [2]) we propose an inversion formula for the solution of the
integral equation using integral and stochastic geometry methods.
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We present a construction of inverse semigroups, associated with an en-
domorphism of a commutative group which allows to look at the different
known constructions of crossed products from a unified point of view.

1. Preliminaries. We refer to ([1]) for the definition of positive defined
functions (pdf) on a (unital) inverse semigroup S, which is a simple gener-
alization of the notion for groups. The main properties of pdfs for groups
with obvious changes could be transferred to the inverse semigroups.
The function δ, which takes the value 1 at the unit and 0 for the remain-
ing elements is pdf. This function determines a positive form < ·, · > on
the semigroup algebra l1(S) as < s, t >= δ(t∗s), s, t ∈ S. Then, apply-
ing the standard GNS-construction we obtain a representation referred as
A-regular. It is quite different from the usual regular representation and
acts in a much smaller Hilbert space. For groups the notions of regular
and A-regular representations are coincide.
As a convincing example we consider the bicyclic semigroup B. It is
the single generated (say, by the generator u) inverse semigroup with the
relation u∗u = e, where u∗ is a conjugate element (under the natural
involution), e stands for identity element. Irreducible representations of
this semigroup allow the complete description: there is a family of one-
dimensional representations parameterized by the unit circle S1, and a
single infinite dimensional coinciding from one hand with the A-regular
representation (which is injective and irreducible in this case), and gener-
ating, from the other hand the Toeplitz algebra.

2. Inverse crossed product. Let G be an Abelian group, τ be an
injective endomorphism of G. Denote by I(G, τ) the semigroup freely
generated by G and B with the following relations: ug = τ(g)u for any
g ∈ G, and u∗gu = θ for g /∈ τ(G), θ being zero element. It is easy to
verify that the semigroup I(G, τ) is inverse with the involution imported
from B and G, where the conjugate element as usual is the group inverse.
We call this semigroup the inverse crossed product of the group G and a
semigroup Z+ (or B), associated with the action of the endomorphism τ .
The structure of this semigroup could be described in details. We indicate
only one property, which is related to the existence in I(G, τ) a canonical
subsemigroup I0(G, τ) with specified properties.
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Proposition 1. Inverse crossed product is Z-graduated with respect to
the subsemigroup I0(G, τ).

The following result allows to study this semigroup operator realized.

Proposition 2. The A-regular representation of I(G, τ) is injective.

3. Cartan subalgebras. Generally, the subalgebra C∗(G) is not maxi-
mal commutative (Cartan) in C∗(G, τ), so it can be extended to a Cartan
subalgebra adding some relations. Any representation of C∗(G, τ) pre-
serving the relations is called dynamical (they could be extended to the
quotient algebra with respect to the corresponding ideal).
We indicate such relations for two important cases:
• If τ1(a) = a2 in the infinite single generated cyclic group G1 (isomor-

phic to Z) with the generator a, then uu∗ + a−1uu∗a = e.
• If τ2(ai) = ai+1 in the multiplicative group G2 =

∑
Z2 with second

order generators ai, i = 1, 2, . . ., then uu∗ + a1uu
∗a1 = e.

4. Examples.
• The dynamical system (S1,mes, T1) with mes being the probability
Lebesgue measure, and T1x = x2 is ergodic. The representation π1 of
I(G1, τ1) in L2(S1,mes), given by (π1(a)f)(x) = xf(x) (multiplication
by the prime character), and (π1(u)f)(x) = f(T1x) (Koopman operator,
associated with T ) is extended to the dynamical represenation.
• The system ([0; 1],mes, T2) with Lebesgue measure, and T2x = 2x(mod1)
is ergodic. The representation π2 of I(G2, τ2) in L2(([0; 1],mes), given by
(π2(ai)f)(x) = ϕ(x)f(x) (multiplication by the generators of the Walsh
system), and (π2(u)f)(x) = f(T2x) (Koopman operator, associated with
T ) is extended to the dynamical represenation.
Note that the regular representation of crossed products generated by
both dynamical systems (see [2]) give the same wild factor III1/2. Obvi-
ous modifications of the examples lead to the III1/n factors.

The considered algebraic systems are closely related to the Cuntz algebras
On, n = 2, 3, . . ., [3].
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Let F be a relatively free group of some group variety and let End(F) and
Aut(F) denote the semigroup of endomorphisms of F and the group of au-
tomorphisms of F respectively. Obviously, any automorphism of End(F)
induces an automorphism of Aut(F) by restriction.
J. L. Dyer and E.Formanek proved that if F is a free group of finite rank
m > 1, then the group Aut(F) is a complete group; that is, the center of
Aut(F) is trivial and every automorphism of Aut(F) is inner. More re-
cently, new proofs and various generalizations of this theorem have been
obtained by D. G. Khramtsov, V. Tolstykh, M.R.Bridson and K. Vogt-
mann. Using the completeness of Aut(F), E.Formanek proved that every
automorphism of End(F) is a conjugation by an element of Aut(F) (see
[1]). Note that the question about the description of Aut(End(F)) for
relatively free groups has been posed by B.Plotkin (see [1], [2]).
We have obtained the complete description of Aut(End(B(m,n))) for rel-
atively free groups B(m,n). By definition, the group B(m,n) is the free
group of rank m of the variety of all groups which satisfy the identity
xn = 1. The group B(m,n) is a quotient group of the free group Fm on
m generators by normal subgroup Fnm generated by all n-th powers. Our
main result is the following.

Theorem. If S : End(B(m,n)) → End(B(m,n)) is an automorphism
from End(B(m,n)), then there exists an α ∈ Aut(B(m,n)) such that
S(β) = α ◦β ◦α−1 for all β ∈ End(B(m,n)), where n ≥ 1003 is arbitrary
odd period and m > 1.
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Preliminaries. LetA be a C∗-algebra. Denote byA⊗A the minimal C∗-
tensor product of A on itself. A unital C∗-homomorphism ∆: A → A⊗A
is called a comultiplication, if the coassociativity relation holds:

(∆⊗ id)∆ = (id⊗∆)∆. (1)

Then (A,∆) is called a compact quantum semigroup [6, 1, 2].
Reduced semigroup C∗-algebra. Let G be a compact abelian torsion-
free group, and Γ denote its dual discrete group. Take an arbitrary sub-
semigroup S in Γ, which generates group Γ, i.e.

Γ = {a− b| a, b ∈ S}.

Suppose that S contains the neutral element of the group Γ. Take a
Hilbert space l2(S) with a standard orthonormal basis {ea}a∈S [3]. Con-
sider the regular representation of S on l2(S) by a map a → Ta, where
Taeb = ea+b for any b ∈ S. C∗-algebra, generated by the regular represen-
tation is denoted by C∗red(S) and called a reduced semigroup C∗-algebra of
S [3]. Operators Ta and T ∗b are trivial monomials and generate an inverse
semigroup of monomials.

Theorem 1. Denote by K a commutator ideal in C∗red(S). The quotient
algebra C∗red(S)/K is isomorphic to the algebra of continuous functions
C(G) on the group G.

Quantum Semigroup. Define a map ∆ on the semigroup of monomials
in C∗red(S) by the relation

∆(

n∑
i=1

λiVi) =

n∑
i=1

λiVi ⊗ Vi,

where Vi is a monomial.

Theorem 2. Operator ∆ extends to an embedding ∆: C∗red(S)→ C∗red(S)⊗
C∗red(S). The pair (C∗red(S),∆) is a compact quantum semigroup.
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In terms of quantum semigroups, the result of Theorem 1 shows that
G is a compact quantum subgroup in the compact quantum semigroup
(C∗red(S),∆). Thus, (C∗red(S),∆) can be regarded as a noncommutative
deformation of G, where “noncommutative” refers to the algebra of func-
tions.
Category of quantum semigroups. Consider a category Sab of discrete
abelian cancellative semigroups, with arrows being semigroup morphisms.
Denote byQSred a category of compact quantum semigroups (C∗red(S),∆)
for all S ∈ Obj(Sab). A morphism π : (C∗red(S2),∆2)→ (C∗red(S1),∆1) is
a unital *-homomorphism π : C∗red(S1)→ C∗red(S2) which satisfies

∆2π = (π ⊗ π)∆1.

Theorem 3. Category QSred can be embedded in the category Sab.

It is known that semigroup C∗-algebras of various semigroups, generat-
ing the same group Γ could be isomorphic [5, 4]. Generally, however,
this isomorphism does not generate the isomorphism of the corresponding
quantum semigroups. Thus, choosing different subsemigroups of a group
Γ we obtain, by Theorem 3, the category of non-isomorphic quantum
deformations of G.
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Introduction. We consider the Dirichlet problem for higher order ellip-
tic equations in the unit disk. The formulas for the defect numbers of the
problem (numbers of linearly independent solutions of the homogeneous
problem and linearly independent solvability conditions of the inhomoge-
neous problem) are obtained. For some classes of fourth order equations
it is proved that these defect numbers may be equal only to zero or one.
The connection with the Dirichlet problem for hyperbolic equations ([1],
[2]) and for equations of general type ([3], [4]) is considered.

We consider in the unit disc D = {(x, y) : x2 + y2 < 1} a higher order
differential equation with constant coefficients:

n∑
k=0

Ak
∂nu

∂xk∂yn−k
(x, y) = 0, (x, y) ∈ D. (1)

Here Ak are the complex constants (A0 6= 0). We suppose that all roots
λj (j = 1, . . . , n) of the characteristic equation

n∑
k=0

Akλ
n−k = 0, (2)

satisfy the condition λj 6= λ̄j (j = 1, . . . , n), that is the equation (1) is el-
liptic. The solution of the equation (1) (in the class Cn(D)

⋂
C(n−1,α)(D))

satisfy on the boundary Γ the Dirichlet conditions

∂ku

∂Nk

∣∣∣∣
Γ

= fk(x, y), (x, y) ∈ Γ, k = 0, . . . , n− 1. (3)

Here fk ∈ C(n−1−k,α)(Γ) are given functions, ∂
∂N is the derivative with

respect to the inner normal to Γ. The problem (1), (3) for second order
equations was considered in [5]-[7], where the fundamental difference be-
tween properly (when the numbers of the roots of (2) with positive and
negative imaginary parts are equal) and improperly elliptic equations was
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found. It was proved ([7]) that the problem (1), (3) for the improperly
elliptic equation (1) is not correct, and the class of functions this problem
to be correct was found ([5]). Further, in [8] the problem was investi-
gated for higher order properly elliptic equations. The explicit formulas
for the defect numbers were found. Then in [9] the analogous results were
obtained for some classes of fourth order improperly elliptic equations.

In the report another class of fourth order improperly elliptic equations
is studied and the set of functions is defined for which the problem (1),
(3) is correct. It is proved that the defect numbers in this class may only
be zero (unique solvability) or one.
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Let consider an obstacle like problem which consists of minimizing some
cost functional J over the set of all admissible “deformations”

K := {v ∈ H1(Ω), ϕ ≤ v, x ∈ Ω, v(x) = g(x), x ∈ ∂Ω},

where Ω ⊂ Rn is a bounded open subset with Lipschitz-regular boundary,
ϕ is a some given obstacle.

In the presented report we propose an algorithm for solving the obstacle
like problems based on a finite difference method.
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Îïèñàíèå ðåøåíèé òèïà áåãóùåé âîëíû ÿâëÿåòñÿ îäíîé èç âàæíûõ
çàäà÷ â ìîäåëÿõ ìàòåìàòè÷åñêîé ôèçèêè, â ÷àñòíîñòè, â ìîäåëè èç
òåîðèè ïëàñòè÷åñêîé äåôîðìàöèè î ðàñïðîñòðàíåíèè áåãóùèõ âîëí
äëÿ áåñêîíå÷íîãî ñòåðæíÿ ([1]). Äèñêðåòíûé àíàëîã òàêîé ñèñòåìû
ìîäåëèðóåòñÿ ïîâåäåíèåì ñ÷åòíîãî ÷èñëà øàðîâ ðàñïîëîæåííûõ â öå-
ëî÷èñëåííûõ òî÷êàõ ÷èñëîâîé ïðÿìîé, ñîåäèíåííûõ ìåæäó ñîáîé àá-
ñîëþòíî óïðóãîé íèòüþ. Òàêàÿ ñèñòåìà îïèñûâàåòñÿ êîíå÷íî-ðàçíîñò-
íûì àíàëîãîì âîëíîâîãî óðàâíåíèÿ ñ íåëèíåéíûì ïîòåíöèàëîì, ìîäå-
ëèðóþùåãî ïîâåäåíèå áåñêîíå÷íîãî ñòåðæíÿ ïîä âîçäåéñòâèåì âíåø-
íåãî ïðîäîëüíîãî ñèëîâîãî ïîëÿ

miÿi = φ(yi) + yi+1 − 2yi + yi−1, yi ∈ R, mi > 0, i ∈ Z, t ∈ R, (1)

ãäå ïîòåíöèàë φ(.) çàäàåòñÿ ãëàäêîé ôóíêöèåé.

Îïðåäåëåíèå. Âåêòîð-ôóíêöèÿ {yi(t)}+∞−∞, t ∈ R ñ àáñîëþòíî íåïðå-
ðûâíûìè êîîðäèíàòàìè íàçûâàåòñÿ ðåøåíèåì ñèñòåìû (1) òèïà áå-
ãóùåé âîëíû, åñëè ñóùåñòâóåò τ >0 , íå çàâèñÿùåå îò t è i, òàêîå,
÷òî ïðè âñåõ i ∈ Z è t ∈ R âûïîëíåíî ðàâåíñòâî

yi(t+ τ) = yi+1(t). (2)

Êîíñòàíòà τ íàçûâàåòñÿ õàðàêòåðèñòèêîé áåãóùåé âîëíû.

Äëÿ ñèñòåìû (1), â ñëó÷àå øàðîâ ñ ðàâíûìè ìàññàìè (îäíîðîäíûé
ñòåðæåíü) è ãëàäêîé ïåðèîäè÷åñêîé ôóíêöèåé φ(·), áûëè ïîñòðîåíû
ñïåöèàëüíûå êëàññû ðåøåíèé òèïà áåãóùåé âîëíû. Ìåòîäàìè òåîðèè
âîçìóùåíèé áûëî ïîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ òèïà áåãóùåé âîë-
íû è äëÿ áëèçêèõ ïîòåíöèàëîâ. Îáçîð ïî ðàáîòàì òàêîãî íàïðàâëåíèÿ
äëÿ áåñêîíå÷íîìåðíûõ ñèñòåì ñ ðàâíûìè ìàññàìè è ïîòåíöèàëàìè
Ôðåíêåëÿ � Êîíòîðîâîé, à òàêæå Ôåðìè � Ïàñòà � Óëàìà ïðèâåäåí â
ðàáîòå [2].
Âìåñòå ñ òåì, òàêîé ïîäõîä íå ïîçâîëÿåò îïèñàòü ïðîñòðàíñòâî âñåõ
ðåøåíèé òèïà áåãóùåé âîëíû, à òàêæå èõ âîçìîæíûé ðîñò.
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Â äîêëàäå ïðåäñòàâëåí ïîäõîä, ïðè êîòîðîì ðåøåíèÿ òèïà áåãóùåé
âîëíû äëÿ ñèñòåìû (1) ìîãóò áûòü ðåàëèçîâàíû êàê ðåøåíèÿ îäíîïà-
ðàìåòðè÷åñêîãî ñåìåéñòâà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé (ÔÄÓ) òî÷å÷íîãî òèïà ([4]). Ïðè ýòîì, ñèñòåìó (1) ñ ïîòåíöèà-
ëîì áåç îñîáåííîñòåé óäàåòñÿ èññëåäîâàòü ïðè áîëåå îáùèõ ïðåäïîëî-
æåíèÿõ íà ïîòåíöèàë φ(·) â âèäå óñëîâèÿ Ëèïøèöà. Â ðàìêàõ ïðåäëî-
æåííîãî ôîðìàëèçìà óäàåòñÿ èçó÷èòü ñèñòåìó (1) íå òîëüêî â ñëó÷àå
îäíîðîäíîãî ñòåðæíÿ, íî òàêæå è â ñëó÷àå íåîäíîðîäíîãî ñòåðæíÿ.

Äëÿ îäíîðîäíîãî ñòåðæíÿ ([3]) îïèñàíèå ðåøåíèé òèïà áåãóùåé âîë-
íû îêàçûâàåòñÿ ýêâèâàëåíòíûì îïèñàíèþ âñåãî ïðîñòðàíñòâà êëàñ-
ñè÷åñêèõ ðåøåíèé èíäóöèðîâàííîãî îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà
ÔÄÓ òî÷å÷íîãî òèïà ñ ïàðàìåòðîì â âèäå õàðàêòåðèñòèêè áåãóùåé
âîëíû. Óäàåòñÿ îïèñàòü ðåøåíèÿ òèïà áåãóùåé âîëíû, à òàêæå èõ âîç-
ìîæíûé ðîñò êàê ïî âðåìåíè, òàê è ïî ïðîñòðàíñòâó. Ñòàöèîíàðíûå
ðåøåíèÿ èññëåäóþòñÿ íà óñòîé÷èâîñòü.

Äëÿ íåîäíîðîäíîãî ñòåðæíÿ ([4]), â ñèëó òðèâèàëüíîñòè ïðîñòðàíñòâà
ðåøåíèé òèïà áåãóùåé âîëíû, îïðåäåëÿåòñÿ èõ �ïðàâèëüíîå� ðàñøèðå-
íèå â ôîðìå ðåøåíèé òèïà �êâàçèáåãóùåé� âîëíû. Â îòëè÷èå îò îäíî-
ðîäíîãî ñòåðæíÿ, îïèñàíèå ðåøåíèé òèïà �êâàçèáåãóùåé� âîëíû îêà-
çûâàåòñÿ ýêâèâàëåíòíûì îïèñàíèþ óæå âñåãî ïðîñòðàíñòâà èìïóëüñ-
íûõ ðåøåíèé èíäóöèðîâàííîãî îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ÔÄÓ
òî÷å÷íîãî òèïà.

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì Ôîíäîì Ôóíäàìåíòàëüíûõ Èññëåäî-
âàíèé (ãðàíò � 12-01-00768-à) è ïðîãðàììîé ïîääåðæêè âåäóùèõ íà-
ó÷íûõ øêîë (ãðàíò ÍØ-5998.2012.1)
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Â äàëüíåéøåì áóäåì ïðèäåðæèâàòüñÿ îáùåïðèíÿòûõ îáîçíà÷åíèé.
Îáîçíà÷èì ÷åðåç D, Γ è h(ξ, ϕ), ñîîòâåòñòâåííî, åäèíè÷íûé êðóã
|z| < 1, åäèíè÷íóþ îêðóæíîñòü |z| = 1 è õîðäó åäèíè÷íîãî êðóãà
D, îêàí÷èâàþùóþñÿ â òî÷êå ϕ = eiθ ∈ Γ è îáðàçóþùóþ ñ ðàäèó-
ñîì â ýòîé òî÷êå óãîë ϕ, −π2 < ϕ < π

2 . Ïóñòü 4(ξ, ϕ1, ϕ2) îáîçíà÷àåò
ïîäîáëàñòü êðóãà D, îãðàíè÷åííóþ õîðäàìè h(ξ, ϕ1) è h(ξ, ϕ2). Åñ-
ëè íàñ íå èíòåðåñóåò ðàçìåð îáëàñòè 4(ξ, ϕ1, ϕ2), ìû áóäåì îáîçíà-
÷àòü åãî êðàòêî 4(ξ). Èíòåðïðåòèðóÿ êðóã D, êàê ìîäåëü ïëîñêîñòè â
ãåîìåòðèè Ëîáà÷åâñêîãî, îáîçíà÷èì ÷åðåç σ(z1, z2) íååâêëèäîâîå ðàñ-
ñòîÿíèå ìåæäó òî÷êàìè z1, z2 èç êðóãà D : σ(z1, z2) = 1

2 ln 1+u
1−u , ãäå

u =
∣∣∣ z1−z21−z1z̄2

∣∣∣. Ðàññìîòðèì äåéñòâèòåëüíîçíà÷íóþ ôóíêöèþ f(z). Äëÿ

ïðîèçâîëüíîãî ïîäìíîæåñòâà S êðóãà D, äëÿ êîòîðîãî òî÷êà ξ ∈ Γ
ÿâëÿåòñÿ ïðåäåëüíîé òî÷êîé, îáîçíà÷èì ÷åðåç C(f, ξ, S) ïðåäåëüíîå
ìíîæåñòâî ôóíêöèè f(z) â òî÷êå ξ îòíîñèòåëüíî ìíîæåñòâà S, ò.å.
C(f, ξ, S) = ∩f(S ∩ U(ξ)), ãäå ïåðåñå÷åíèå áåðåòñÿ ïî âñåì îêðåñòíî-
ñòÿì U(ξ) òî÷êè ξ, à ÷åðòà îçíà÷àåò çàìûêàíèå ìíîæåñòâà îòíîñè-
òåëüíî äâóõòî÷å÷íîé êîìïàêòèôèêàöèè R̄ ìíîæåñòâà R = (−∞,+∞)
â âèäå îòðåçêà, ïîñðåäñòâîì äîáàâëåíèÿ ê òî÷êàì ìíîæåñòâà R ñèì-
âîëîâ −∞ è +∞. Ñêàæåì, ÷òî ôóíêöèÿ f(z) èìååò â òî÷êå ξ ∈ Γ
óãëîâîé ïðåäåë α, åñëè C(f, ξ,4(ξ)) ñîñòîèò èç åäèíñòâåííîãî çíà÷å-
íèÿ α ïðè ëþáîì 4(ξ). Ñêàæåì, ÷òî äåéñòâèòåëüíîçíà÷íàÿ ôóíêöèÿ
f(z), îïðåäåëåííàÿ â D, íîðìàëüíà, åñëè íà ãðóïïå T (ñîñòîÿùåé èç
ýëåìåíòîâ {S(z) : S(z) = eiα(z + a) · (1 + āz)−1}, ãäå a � ïðîèçâîëüíàÿ
òî÷êà â D, α � ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî) âñåõ êîíôîðì-
íûõ àâòîìîðôèçìîâ åäèíè÷íîãî êðóãà D, ïîðîæäàåìîå åþ ñåìåéñòâî
ôóíêöèé Φ : {f(S(z));S(z) ∈ T}, íîðìàëüíî â D â ñìûñëå Ìîíòåëÿ.
Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü f(z) � íîðìàëüíàÿ ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ è
äëÿ õîðä h(ξ, ϕ1), h(ξ, ϕ2), ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè
{zn} ∈ h(ξ, ϕ1), {z′n} ∈ h(ξ, ϕ2), äëÿ êîòîðûõ zn → ξ, z′n → ξ ïðè
n → ∞ è lim

n→∞
σ(zn, zn+1) = lim

n→∞
σ(z′n, z

′
n+1) = 0. Åñëè ïðåäåëüíûå

ìíîæåñòâà C(f, ξ, {zn}) è C(f, ξ, {z′n}) îãðàíè÷åíû ñâåðõó ÷èñëîì α,
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òî ïðåäåëüíîå ìíîæåñòâî C
(
f, ξ,4(ξ, ϕ1, ϕ2)

)
òàêæå îãðàíè÷åíî

ñâåðõó ÷èñëîì α.

Ñëåäñòâèå. Ïóñòü f(z) � íîðìàëüíàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ è äëÿ
íåêîòîðûõ õîðä h(ξ, ϕ1, h(ξ, ϕ2) ñóùåñòâóþò òàêèå ïîñëåäîâàòåëü-
íîñòè {zn} ∈ h(ξ, ϕ1), {z′n} ∈ h(ξ, ϕ2), äëÿ êîòîðûõ zn → ξ, z′n → ξ,
ïðè n→∞ è lim

n→∞
σ(zn, zn+1) = lim

n→∞
σ(z′n, z

′
n+1) = 0. Åñëè ïðåäåëüíûå

ìíîæåñòâà C(f, ξ, {zn}) è C(f, ξ, {z′n}) îãðàíè÷åíû ñâåðõó (èëè ñíè-

çó) ÷èñëîì α, òî ïðåäåëüíîå ìíîæåñòâî C
(
f, ξ,4(ξ, ϕ1, ϕ2)

)
òàêæå

îãðàíè÷åíî ñâåðõó (èëè ñíèçó) ÷èñëîì α.

Òåîðåìà 2. Ïóñòü f(z) � íîðìàëüíàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ. Äëÿ
òîãî, ÷òîáû ôóíêöèÿ f(z) èìåëà â òî÷êå ξ = eiθ óãëîâîé ïðåäåë α,
íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèå äâóõ òàêèõ ïîñëåäîâàòåëü-
íîñòåé {zn} ∈ h(ξ, ϕ1), {z′n} ∈ h(ξ, ϕ2), zn → ξ, z′n → ξ ïðè n → ∞,
lim
n→∞

σ(zn, zn+1) = lim
n→∞

σ(z′n, z
′
n+1) = 0, äëÿ êîòîðûõ ñïðàâåäëèâî ñî-

îòíîøåíèå lim
n→∞

f(zn) = lim
n→∞

f(z′n) = α.
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Let R2 be the Euclidean plane and D ⊂ R2 be a bounded convex body
with inner points. The function C(D, ·) : R2 → [0,∞) defined by

C(D,h) = L2(D ∩ (D − h)), h ∈ R2,

is called the covariogram of D (where L2(·) is the 2-dimensional Lebesgue
measure in R2), see [1]. G. Averkov and G. Bianchi showed that every
planar convex body is determined within all planar convex bodies by its
covariogram, up to translations and reflections, see [2].
The orientation-dependent chord length distribution is a function which
depends on the lines parallel to u ∈ S1(S1 is the circle of radius 1 centered
at the origin). We denote by b(D,u) the breadth of D in direction u
(the distance between two parallel support lines in the direction). The
random line which is parallel to u and intersects D has an intersection
point with the line which is parallel to direction u⊥ and passes through
the origin. The intersection point is uniformly distributed in interval
[0, b(D,u)]. Denote the orientation-dependent chord length distribution
function of D in direction u ∈ S1 by F (D,u, t).
Let G be the space of all lines g in the Euclidian plane R2, and let (ϕ, p) be
the polar coordinates of the foot of the perpendicular to g from the origin.
Let µ(·) be the locally finite measure on G, invariant with respect to the
group of all Euclidian motions (translations and rotations). It is well
known (see [3]) that the element of the measure up to a constant multiple
has the following form µ(dg) = dp dϕ, where dp is the one-dimensional
Lebesgue measure and dϕ is the uniform measure on the unit circle. For
each bounded convex domain D, we denote the set of lines that intersect
D by [D] = {g ∈ G, g ∩ D 6= ∅} and we have (see [3]) µ([D]) = |∂D|,
where |∂D| stands for the length of the boundary of D.
A random line in [D] is one with distribution proportional to the restric-
tion of µ to [D]. Therefore

F (D, t) =
µ({g ∈ [D], |g ∩D| ≤ t})

|∂D|
.
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for any t ∈ R1. The function FD(t) is called the chord length distribution
function of D. We obtain the following results (see [4]):

1. The explicit form of the covariogram and orientation-dependent
chord length distribution function for any triangle:

C(∆ABC, tu) =

S
(

1− t
tmax(u)

)2

, t ∈ [0, tmax(u)],

0, t ≥ tmax(u)

F (∆ABC, u, t) =


0, t ≤ 0,

t
tmax(u) , t ∈ [0, tmax(u)],

1, t ≥ tmax(u),

where S is the area of ∆ABC, and tmax(u) is the length of the
maximal chord in the direction u ∈ S1.

2. The form of FD(t) for any triangle.

3. If an orientation-dependent chord length distribution function is
known for a dense set of S1, then we can uniquely recognize the
triangle with respect to reflections and translations.

4. For any finite subset A ⊂ S1, there are two non-congruent trian-
gles with the same orientation-dependent chord length distribution
function for any u ∈ A. It gives a negative answer to the problem
from [5].
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Let A = {αj = (αj1, ..., α
j
n)}M1 be a finite set of multi-indices. By the

Newton polyhedron (N.P.) of a set A we mean the minimal convex hull
(which is a polyhedron) < = <(A), containing all points of A.
A polyhedron < with vertices in Nn

0 is complete ([1]) if < has a vertex at
the origin and one vertex in each of coordinate axes. The k-dimensional
faces of < are denoted by <ki , (i = 1, · · · ,Mk; k = 0, 1, · · · , n− 1).
A face <ki of < is said to be principal if among the exterior (with respect
to <) normals of this face there is one, which has at least one positive
component. If among the exterior normals of the principal face <ki there
is one, whose all components are nonnegative (positive), then the face <ki
is said to be regular (completely regular). A polyhedron < is said to be
regular (completely regular) (see [2] or [3]), if < is complete and all (n−1)-
dimensional noncoordinate faces of < are regular (completely regular).
Let < be a complete polyhedron with vertices in Nn

0 , <0 be the set of

its vertices, and let p ∈ (0,∞). Let W<p = W<p (En) (respectively, W<
0

p )
denote the set of functions u, with the norms (see [4], or [5])

||u||W<p =
∑
α∈<

||Dαu||Lp (1),

and, respectively

||u||W<0
p

=
∑
α∈<0

||Dαu||Lp . (2)

The sets W<p (respectively, W<
0

p ) with the suitable norms (1) and (2) we
call multi-anisotropic Sobolev spaces. It turned out that for arbitrary col-
lections A (polyhedron <(A)) the character of multi-anisotropic Sobolev
spaces can be essentially different from the usual (classical) isotropic, or
anisotropic Sobolev spaces. Namely, the following statements hold:

Theorem 1. Let p ∈ (0,∞), and < = <(A) be a complete polyhedron of
a set A. Then there exists a constant C > 0 such that for all u ∈ C∞0∑

α∈<

||Dαu||Lp ≤ C
∑
α∈<0

||Dαu||Lp . (3)
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Theorem 2. Let N.P. < = <(A) be regular. The set C∞0 is dense in W<p
if and only if the inequality (3) is valid for all u ∈W<p .

Theorem 3. Let N.P. < = <(A) be regular, then the inequality (3) is
valid for all u ∈W<p and, consequently the set C∞0 is dense in W<p .

The following example shows that for nonregular polyhedron < the multi-
anisotropic Sobolev space W<p in general is not semilocal (recall that a
Banach space B is called semilocal if u ∈ B and ϕ ∈ C∞0 leades ϕ u ∈ B
(see, for instance [6]). Moreover, the set C∞0 is not dense in this space.

Example. Let n = 2 and < is N.P. with the multi-indices (0,0), (1,0),
(0,1), (2,1). It is easily seen that < is a nonregular quadrangle.

Let u(x) = u(x1, x2) = x
4/3
1 +x2, and ∆1 = {−1 ≤ x1 ≤ 1;−1 ≤ x2 ≤ 1}.

A simple computation shows that u, D(1,0)u, D(0,1)u, D(2,1)u belong to
L2(∆1), and D(2,1)u /∈ L2(∆1).
Let ψ ∈ C∞0 (∆1), ψ(x) = ψ(x1, x2) = x2 for x ∈ ∆1/2.

Since D(0,1)ψ(x) = 1 for x ∈ ∆1/2, we have D(2,1)(ψ(x)u(x)) /∈ L2(∆1),

i.e ψu /∈ W<2 (∆1), which means that W<2 (∆1) is not semilocal. Analo-
gously, one can show that the set C∞0 (∆1) is not dense in W<2 (∆1).
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Let A be a bounded linear operator acting in a Hilbert space (H, 〈•, •〉) .
The difference AA∗ − A∗A = C (A) is said to be the self-commutator of
the operator A . This notion was investigated first probably by Halmos
in [3]. It is proved in [1] that for any operator A the inequality

‖AA∗ −A∗A‖ ≤ ‖A‖2 (1)

holds.

Example. Let S be the operator of simple unilateral shift. Then the
self-commutator of the isometry S is the orthogonal projection on the first
element of the basis, shifted by S, so ‖S∗S − SS∗‖ = 1 and ‖S‖ = 1, hence

‖S∗S − SS∗‖ = ‖S‖2, meaning that inequality (1), for some operators in
fact is an equality.

As C (A− λI) = C (A) for any λ ∈ C, the inequality (1) may be sharpened

‖AA∗ −A∗A‖ ≤ inf
λ∈C
‖A− λI‖2 . (2)

Prasanna proved ([5]) that for any operator A

inf
λ∈C
‖A− λI‖2 = sup

‖x‖=1

{
‖Ax‖2 − |〈Ax, x〉|2

}
. (3)

According to [6], there exists a unique complex number c belonging to the
closure of the numerical range W (A) such that

inf
λ∈C
‖A− λI‖ = ‖A− cI‖ .

It is proved in [2] that c = lim
n→∞

〈Axn, xn〉 , where {xn} is a sequence of

unit vectors, approximating the supremum in (3).

Let V be the Volterra integration operator in L2 (0 ; 1) defined by the
formula

(V f) (x) =

x∫
0

f (t) dt.
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Let us calculate the both sides of (2) for V.
Recall ([4], Problem 165) that W (V ) is bounded by the curve

t 7→ 1− cos t

t2
± i t− sin t

t2
, 0 ≤ t ≤ 2π,

and ‖V ‖ = 2
π .

Let α be the least positive solution of the equation tanα + α = 0. Then
c = 1/α2, inf

λ∈C
‖V − λI‖ = c2 + c. Calculations show that

α ≈ 2.028757838110434, λ ≈ 0.242962685095034 and

min
λ
‖V − λI‖2 ≈ 0.301993551443623.

The operator C (V ) is two dimensional self-adjoint operator with eigen-

functions
(
3∓
√

3
)
x − 1, corresponding to the eigenvalues

{√
3

6 ,−
√

3
6

}
,

so ‖C (V )‖ =
√

3
6 ≈ 0, 288675134...
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Preliminaries. We consider the set N∞ of infinite sequences of natural
numbers. Denote by n = {ni}∞i=1 an arbitrary element in N∞, ni ∈ N.

Let {en}∞n=1 be the canonical orthonormal basis in the Hilbert space l2(N).
One can split the space l2(N) into a direct sum of Hilbert spaces

l2(N) =
∞
⊕
k=1

Hk, such that dimHk = nk, and card({en}∞n=1 ∩Hk) = nk.

Denote by T : l2(N) → l2(N) the right shift operator: Ten = en+1 and

define Tn =
∞
⊕
k=1

PkTPk, where Pk : l2(N) → Hk is an orthogonal projec-

tion. Operator Tn is a partial isometry, and the semigroup generated by
finite products of Tn and T ∗n is an inverse semigroup.

Denote by Tn the C∗-subalgebra in
∞
⊕
i=1
B(Hi), generated by operators Tn

and T ∗n . We associate every sequence n in N∞ with the C∗-algebra Tn.
The structure of these C∗-algebras is closely related to the structure of
C∗-algebras introduced in [3, 4, 5].

Irreducible representations of Tn. Let us give the complete descrip-
tion of irreducible representations of the C∗-algebra Tn.

Lemma 1. The C∗-algebra Tn is unital for any n ∈ N∞.

The following is an analogue of the result in [7] which describes irreducible
representations of the elementary inverse semigroup.

Theorem 1. The irreducible representations of Tn are the following:

1. Representations of dimensions ni × ni, with ni ∈ n;

2. One infinite-dimensional representation;

3. A family of one-dimensional representations parameterized by ele-
ments of the unit circle.
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A category of C∗-algebras.
Define a category TN∞ of C∗-algebras Tn for all n ∈ N∞, with morphisms
being unital ∗-homomorphisms of corresponding C∗-algebras. Denote by
hom(Tn; Tm) the set of all unital ∗-homomorphisms from Tn to Tm.
Let us take the sequence N = N\{1} in N∞. The algebra TN is an object
in the category TN∞ such that hom(TN ; Tm) is a non-empty set for every
sequence m ∈ N∞.

Lemma 2. The C∗-algebra TN is a universally repelling object in the
category TN∞ .

A unital C∗-homomorphism ∆: A → A⊗min A of a unital C∗-algebra A
is called a comultiplication, if the coassociativity relation holds:

(∆⊗ id)∆ = (id⊗∆)∆. (1)

Then (A,∆) is called a compact quantum semigroup [6].
In [1, 2] the Toeplitz algebra T is endowed with a compact quantum
semigroup structure. It turns out, that the C∗-algebra TN also can be
regarded as a compact quantum semigroup.

Theorem 2. There exists a ∗-homomorphism ∆ : TN → TN ⊗ TN such
that (TN ,∆) is a compact quantum semigroup.

Acknowledgement. This research was partially supported by grant
RFBR 12-01-97016.
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Introduction. Coburn proved in 1967 that all C∗-algebras generated
by non-unitary isometries are canonically isomorphic ([1]). This theorem
was extended to the semigroups which are the positive cones of totally
ordered Abelian groups by Murphy [2] and Douglas [3], whose works, in
turn were recently generalized by M. Aukhadiev and V. Tepoyan [6] (see
also [7, 8]). Coburn’s result can be viewed as a theorem concerning non-
unitary representations of the bicyclic semigroup.
In this report we describe the non-unitary representations of the inverse
subsemigroups of the bicyclic semigroup.

Preliminaries. Let l2(Z+) be the Hilbert space of all complex-valued
functions on Z+ satisfying the condition

∞∑
n=0

|f(n)|2 <∞.

The set of functions {en}∞n=0, en(m) = δn,m forms an orthonormal basis
in l2(Z+), where δn,m denotes the Kronecker symbol. Let T be the right
shift operator on l2(Z+) and T ∗ be the left shift operator.
The semigroup S generated by products of operators T and T ∗ is the
bicyclic semigroup. Since Fredholm indexes indF of the operators T and
T ∗ are respectively equal to −1 and 1, we can define a homomorphism
indF : S → Z.

Let Sn = {U ∈ S : indFU = n · k, k ∈ Z} and Tn be the uniformly closed
algebra of operators on l2(Z+) generated by all linear combinations of
operators from Sn. Obviously, Tn is a C∗-subalgebra of the algebra T1,
which is the Toeplitz algebra generated by T and T ∗.
The semigroup Sn contains a subsemigroup Sn,0 generated by the opera-
tors Tn and Tn∗. We denote by Tn,0 the C∗-subalgebra of the C∗-algebra
Tn generated by the semigroup Sn,0. One can easily check, that the alge-
bra Tn,0 is isomorphic to the Toeplitz algebra.
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Main results.

Lemma 1. Algebra Tn can be represented as a direct sum

Tn = Tn,0 ⊕ Tn,1 ⊕ ...⊕ Tn,n−1,

where each Tn,j is a C∗-algebra isomorphic to the algebra Tn,0.

Lemma 2. Let Kn be the C∗-algebra of compact operators in Tn. Then,
the following short exact sequence splits

0→ Kn → Tn → C(S1)→ 0.

Theorem. The C∗-algebra Tn has exactly n unitarily inequivalent, irre-
ducible, infinite-dimensional representations and a family of one-dimen–
sional representations, indexed by elements of the unit circle.
These results can be used in quantum semigroups theory [4, 5].
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Let T be a 1-1 measure preserving transformation defined on the σ-finite
Lebesgue measure space (X,B,m). We assume that T is ergodic, that is
TA = A =⇒ m(A) = 0, or m(X \A) = 0.
When (X,B,m) is a probability space, Birkhoff’s ergodic theorem implies:

A,B ∈ B =⇒ lim
n→∞

1

n

n−1∑
i=0

m(T iA ∩B) = m(A)m(B). (1)

The transformation T is strongly mixing if

A,B ∈ B =⇒ lim
n→∞

m(T iA ∩B) = m(A)m(B). (2)

Let us call a set A a wandering set if T iA ∩ T jA = ∅ for i 6= j.
It is not difficult to show that, in general, if (X,B,m) is a finite or an
infinite measure space, then T satisfies the following:

• m(A) > 0 =⇒ for a.a. x ∈ X, ∃ infinitely many n > 0, such that
Tnx ∈ A;

• T does not admit wandering sets of positive measure.

Let us call T an infinite ergodic transformation if m(X) = ∞. For such
transformations Birkhoff’s ergodic theorem implies:

m(A),m(B) <∞ =⇒ lim
n→∞

1

n

n−1∑
i=0

m(T iA ∩B) = 0. (3)

Let A be a set of positive measure.
The set A is called weakly wandering (w.w.) if for some sequence of in-
tegers {ni}, TniA ∩ TnjA = ∅ for i 6= j.
In this case the sequence {ni} is called a w.w. sequence .

The setA is an exhaustive weakly wandering (e.w.w.) ifX =

∞⋂
i=0

TniA(disj).

Similarly, the sequence {ni} is called an e.w.w sequence.

45



For infinite ergodic transformations using property (3) it can be shown:

• ∃ a sequence of integers {ni} such that
m(A) <∞ =⇒ for a.a.x ∈ X, Tnix ∈ A for finitely many i only;

• T accepts e.w.w. sequences.

For infinite ergodic transformations property (2) becomes:

m(A),m(B) <∞ =⇒ lim
n→∞

m(T iA ∩B) = 0. (4)

Examples of infinite ergodic transformations that satisfy property (4) ex-
ist. The following two theorems show the significance of that property.

Theorem 1. Let T be an infinite ergodic transformation that satisfies
property (4). Then there exists an increasing sequence of integers
{0 = N0 < N1 < N2 < · · · } such that if ni − ni−1 ≥ Ni for i ≥ 0, then
{ni} is a w.w. sequence.

Theorem 2. Let T be an infinite ergodic transformation that satisfies
property (4). Then there exists an increasing sequence of integers
{0 = N0 < N1 < N2 < · · · } such that if ni − 2ni−1 ≥ Ni for i ≥ 0, then
{ni} is an e.w.w. sequence.

Theorem 2 motivates the following algebraic result in additive number
theory. Let us say that a set A ⊂ Z tiles Z if there exists a set B ⊂ Z such
that A⊕ B = Z; that is, any z ∈ Z can be written as z = a + b uniquely
with a ∈ A and b ∈ B.

Theorem 3. Let A = {ni} be an increasing sequence of integers satisfying
ni − 2ni−1 →∞. Then A tiles Z.

There exists an algebraic proof of Theorem 3.
The proofs of the above theorems are contained in the forthcoming book
mentioned below where there exists a more detailed treatment of proper-
ties of infinite ergodic transformations.
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Introduction. The report presents some generalization of the pseudo–
parabolic variational inequalities. Results of existence, uniqueness and
the regularity of the corresponding weak solution are presented.

Problem Statement. Let V be a Banach space and K be a nonempty
closed, convex subset of V . A family of operators A : D(A) → V ′ is
considered on a dense linear manifold D(A) ⊂ V . The problem is the
following: for given f ∈ V ′ find u ∈ K

⋂
D(A) satisfying the inequality

(Au, v − u) ≥ (f, v − u) (1)

when the following conditions are hold

• Operator A may be represented in the form A = LΛ +M ,

• (−Λ) : D(A)→ V is a generator for linear semigroup G(s) : V → V ,

• L : V → V ′ is continuous and bounded,

• (LΛh(ϕ− ψ), ϕ− ψ) ≤ (LΛhϕ− LΛhψ,ϕ− ψ),∀ϕ,ψ ∈ K,

• (LΛhϕ,ϕ) ≥ 0,∀ϕ ∈ K,

• M : V → V ′ is pseudomonotone operator in K, i.e. it is bounded in
K and the continuous, un ⇀ u (un ∈ K) and lim(Mun, un−u) ≤ 0
imply lim(Mun, un − v) ≥ (Mu, u− v),∀v ∈ V ,

• If the set K is non bounded, then operator M is coercive in K, i.e.

∃v0 ∈ K s.t. (Mv,v−v0)
‖v‖ →

‖v‖→∞
∞.

Theorem 1. (Statement of weak problem) If u ∈ K
⋂
D(A) is a

solution of the variational inequality (1), then it satisfies the following
weak problem:{

(LΛv, v − u) + (Mu, v − u) ≥ (f, v − u),∀v ∈ K
⋂
D(Λ)

u ∈ K (2)
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Main Results.

Theorem 2. (Existence and uniqueness of weak solution) Let all
statements above be met, with v0 in the condition of coercivity of the op-
erator M belonging to K

⋂
D(A), and let the condition of compatibility of

Λ and K be also satisfied. Then there exists a solution for the weak prob-
lem (2). If the operator M is strictly monotone, then the weak solution is
unique.

Theorem 3. (Existence of strong solution) Let all conditions of the
theorem 2 be met, int(K) 6= ∅, and the weak solution u ∈ D(A). Then u
is a solution for the variational inequality (1) as well.

Theorem 4. (Regularity of weak solution) Let all conditions of the
theorem 2 be met, int(K) 6= ∅, V ⊂ V ′, and the following conditions be
met:

• f ∈ D(Λ),

• (Mu−Mv, u− v) ≥ c ‖u− v‖2 ,∀u, v ∈ V ,

• The semigroup G(s) can be extended to the space V ′,

• G(s)(Mv) = M(G(s)v), G(s)(Lv) = L(G(s)v),∀v ∈ V,∀s ≥ 0,

• ∃ρ > 0, G(s)v+G∗(s)v−G∗(s)G(s)v+(ρ−1)v ∈ ρK,∀v ∈ K,∀s ≥ 0.

Then the weak solution of the variational inequality is a strong solution.
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In the theory of statistical hypotheses the testing of each statement on the
distribution of a studied random object is called a statistical hypothesis.
The main problem is to determine which of given hypotheses is realized.
A decision should be made by considering N independent identically dis-
tributed experiments called the samples, x = (x1, x2, ..., xN ) from XN .
In the case of two simple hypotheses the best solution is given in the
famous Neyman-Pearson Lemma (see[1]-[5]).

Since the many hypotheses case is actual in applications, we consider in
the report the same principle for the case of three, or more hypotheses.

Theorem.(Generalization of Neyman-Pearson Lemma). Let us consider
the decision problem for three continuous distributions P1, P2, P3 on a set
X . For given numbers 0 < α1|1, α2|2 < 1 we choose T1 and T2 and sets
A1,A2 such that

A1 = {x : min(
P1(x)

P2(x)
,
P1(x)

P3(x)
) > T1} and 1− PN1 (A1) = α1|1,

A2 = A1 ∩ {x :
P2(x)

P3(x)
> T2} and 1− PN2 (A2) = α2|2.

Finally, we define
A3 = XN − (A1 ∪ A2).

Consider error probabilities

αl|m = PNm (Al), l,m = 1, 3, l 6= m, and

αm|m = PNm (Am), m = 1, 3.

—————————————–
∗) This text, at the request of the author, is given in the original version.

49



In the matrix  α1|1, α2|1, α3|1
α1|2, α2|2, α3|2
α1|3, α2|3, α3|3


there are six independent values, since it is obvious that

αm|m =
∑
l 6=m

αl|m,m = 1, 3.

The test determined by A1,A2,A3 is optimal in the sense that, for each
other test determined by B1,B2,B3 the following relations hold

Bl
⋂
Bm = ∅,

3⋃
m=1

Bm = XN

with the corresponding error probabilities βl|m = PNm (Bl), l,m = 1, 3, if
β1|1 ≤ α1|1 then max(β1|2, β1|3) ≥ max(α1|2, α1|3), and if β2|2 ≤ α2|2 then
β3|2 ≥ α3|2.

The proof of the Theorem is a development of the proof of the Neyman-
Pearson lemma in the case of two hypotheses, see [2].

The Theorem can be extended to arbitrary number of hypotheses and to
the case of discrete distributions of objects.
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Introduction. In the report, we study a two-user discrete multiple ac-
cess channel with one confidential message (MACC). The system involves
two sources, two encoders, one receiver. One user wishes to transmit the
confidential messages while ensuring the eavesdropping user to be kept in
total ignorance of it. The eavesdropping user also receives the channel
output and hence may obtain the confidential information sent by the
other user. Bounds for the secrecy capacity region of the MACC were
found in [4]. Liang and Poor obtained the capacity bounds of the general
multiple access channel with two confidential messages [2]. We determine
an inner bound for secrecy E-capacity region of the MACC, under the
requirement that the eavesdropping user is kept in total ignorance.

Preliminaries, Problem and Result. Messages m1 ∈ M1,N , m2 ∈
M2,N should be transmitted to the receiver while ensuring the message
m2 to be kept secret from the user 1. The level of secrecy is measured by
the equivocation rate at the eavesdropping user. The memoryless multiple
access channel is characterized by products of the conditional probability
distribution (PDs) for N using of the channel

WN
Y |X1,X2

(y|x1,x2)
4
=

N∏
n=1

WY |X1,X2
(y|x1,n, x2,n).

A code is a triple (f1, f2, g), where f1 is a deterministic encoder, f2 is a
stochastic encoder, g : YN →M1,N ×M2,N is a deterministic decoder.
The maximal probabilities of error of the code (f, g1, g2) are

e(f1, f2, g, WY |X1,X2
)
4
= max
m1∈M1,N ,m2∈M2,N

Pr
(
(g−1(m1,m2))c

∣∣m1, m2

)
.

A code (f1, f2, g) is characterized also by coding rates and equivocation
rates (the functions log and exp are taken to the base 2)

Ri
4
=

1

N
log |Mi,N |, i = 1, 2, Re

4
=

1

N
HP1,2,WY1|X1,X2

(M2,N |Y1, X1),
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where conditional entropy HP1,2,WY1|X1,X2
(M2,N |Y1, X1) is the uncertainty

of user 1 with respect to confidential message m2.
A rates pair (R1, R2) is called E-achievable for the MACC iff there exists
codes sequence such that

lim
N→∞

1

N
log |Mi,N | = Ri, i = 1, 2,

the reliability requirement

e(f1, f2, g, WY |X1,X2
) ≤ exp{−NE},

and the secrecy constraints

lim
N→∞

1

N
HP1,2,WY |X1,X2

(M2,N |Y1,X1) ≥ R2,

are valid.
Secrecy E-capacity region Cs(E) for maximal error probabilities is defined
as the set of all E-achievable rates (R1, R2).
Let PU1

be a type of a vector u1 ∈ UN1 and PU2|U1
, PX1|U1

, PX2|U2
and

VY |X1,X2
be conditional types. We define conditional PDs P 1

Y |U2,U1
and

PY |U2,U1
. Then we define the inner bound R∗s(E) of secrecy E-capacity

region Cs(E).

Theorem. For all E1 > 0, E2 > 0, the region R∗s(E) is an inner bound
for secrecy E-capacity region of the MACC : R∗s(E) ⊆ Cs(E).

Corollary. If E = (E1, E2) → 0, the achievable region given in the
Theorem coincides with the inner bound for the secrecy capacity region of
the MACC of [4].
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Introduction. We examine the Shannon cipher system (SCS) with a
noisy channel to the wiretapper. The wiretapper obtains the noisy ver-
sion of the cryptogram and tries to guess encrypted plaintext with given
accuracy. In each step of sequential guesses the wiretapper have test-
ing mechanism. The security level of the encryption system is measured
by the expected number of wiretapper’s guesses. The upper and lower
bounds are obtained for the guessing rate.

Section 1. The guessing problem for SCS was considered by Merhav and
Arikan [1]. The same problem with distortion and reliability requirements
was solved by Haroutunian and Ghazaryan [2]. We investigated the case
of SCS with a noisy channel to the wiretapper [3].

In this paper we considere the combined model of the SCS studied in the
papers [2] and [3]. The cryptographic system depicted in Fig. 1 is the SCS
with a noisy channel to the wiretapper. The message after ciphering by
the key-vector is transmitted to legitimate receiver via a public channel.
The legitimate receiver can recover the original plaintext using the cryp-
togram and the key-vector which is communicated to decipherer by an
extra secure channel. The wiretapper eavesdropping by the noisy channel
gains a noisy version of cryptogram and tries to guess the plaintext on
given degree of exactness without knowing the key. It is assumed that the
wiretapper knows the source and channel distributions and encryption
functions. The wiretapper tries to reconstruct source messages within
given distortion measure and distortion level. For approximative recon-
struction of secret information the wiretapper makes sequential guesses,
each time applying a testing mechanism by which he can know whether
the estimate is successful or not and stops it when the answer is affir-
mative. The security level of this system is measured by the expected
number of the wiretapper’s guesses needed before succeeding. We esti-
mate the expectation of the number of guesses that the wiretapper make
before succeeding.
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Fig. 1. The Shannon cipher system with noisy channel.

Our result is formulated in the following theorem. All definitions and
notations can be found in the quoted paper [3].

Theorem. For given PD P ∗, conditional PDs W ∗, V ∗, and any key
rate RK , the following estimates are valid

R(RK ,∆, P
∗,W ∗) ≤ max

S
max
P,Q,W

[min{R(P,∆), λHQ,W (Y |Z) +RK}

−D(P ||P ∗)− λD(Q ◦W‖S ◦W ∗)],

R(RK ,∆, P
∗,W ∗) ≥ max

P
[min{R(P,∆), RK} −D(P ||P ∗)].
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We propose a new method of construction of asymptotically optimal rank
test for detection of changes in statistical properties of two-dimensional
ordered sequence. This method allows to describe the class of positive
quadrant dependent (PQD) bivariate distributions for which such asso-
ciate measures as Spearman’s and van der Waerden rank correlation co-
efficients and Kendall’s concordance coefficient are optimal in sense of
Pitman asymptotic relative efficiency [1].
When bivariate distribution function is represented by one parametric
copula [4], then we can obtain in particularly, a new family of copulas
which surfaces in unit cube lye between independence copula and the
Farlie-Gumbel-Morgenstern (FGM) family of copulas for each fixed value
of parameter.
Obtained results are applicable either for symmetric copulas or for thresh-
old copulas investigated in [1] and [2].
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Let G be the space of all lines g in the Euclidean plane R2, (p, ϕ) be the
polar coordinates of the foot of the perpendicular to g from the origin.
Let µ(·) stands for a locally finite measure on G invariant with respect to
the group of all Euclidean motions (translations and rotations). It is well
known that an element of the measure up to a constant multiple has the
following form µ(dg) = dp dϕ (see [1]), where dp is the one dimensional
Lebesgue measure, while dϕ is the uniform measure on the unit circle.
For each bounded convex domain D we denote

[D] = {g ∈ G : χ(g) = g ∩ D 6= ∅}

and we have (see [1]): µ([D]) = |∂D|, where |∂D| stands for the length of
the boundary of D.
Distribution function of the length of a random chord χ(g) is defined as

F (y) =
1

|∂D|
µ(AyD) =

1

|∂D|

∫∫
AyD

dϕ dp, (1)

where AyD = {g ∈ [D] : |χ(g)| ≤ y}, y ∈ R.
Therefore, to obtain the chord length distribution functions for a bounded
convex domain we have to calculate the integral in the right-hand side
of (1). Explicit formulae for the chord length distribution functions are
known only for the cases of disc, regular polygons (see [7]), rectangle (see
[3]), and triangle (see [6]).
The result concerning the chord length distribution for general regular
polygons was the first result for a class of domains rather than a concrete
one. Thus, it has generalized all the cases known before, i.e. the cases of
regular triangle (see [2]), square (see [3]), regular pentagon (see [4]) and
regular hexagon (see [5]). To demonstrate its importance in applications
a computer program is designed, which gives values of a chord length dis-
tribution function in the case of a regular n-gon for every natural number
n, given the length of its side and the value of an argument. It is also
shown that the chord length density function for a regular polygon with
odd number of vertices has a jump only at the point 0, but when the
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number of vertices is even the chord length density function also has a
jump at the point equal to the distance between the parallel sides of a
polygon (see [7]).
The result of a regular polygon incurred further generalization in [8],
where an algorithm of calculating the chord length distribution function
in the case of any convex polygon is obtained. The last formula is de-
rived by using δ-formalism in Pleijel identity and the inclusion-exclusion
principle. All results for the chord length distribution function that were
known at the time of obtaining the result are particular cases of this one.
The algorithm gives an opportunity to design similar computer program
which will be able to calculate the chord length distribution function for
any convex polygon when the coordinates of its vertices are given. In par-
ticular, due to the algorithm, an explicit expression for the chord length
distribution function for a rhombus is obtained (see [8]).
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Let L(q, α, β) denote the Sturm-Liouville problem

−y′′ + q (x) y = µy, x ∈ (0, π) , q ∈ L1
R [0, π] , µ ∈ C,

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] ,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) ,

and µn (q, α, β), n = 0, 1, 2, . . . denote the eigenvalues of this problem.
Let us note that arbitrary γ ∈ (0,∞) can be represented as γ = α+ πk,
α ∈ (0, π], k = 0, 1, 2, . . ., and arbitrary δ ∈ (−∞, π) as δ = β − πm,
β ∈ [0, π), m = 0, 1, 2, . . .. The function µq defined on (0,∞) × (−∞, π)
by the formula

µq (γ, δ) = µq (α+ πk, β − πm)
def
= µk+m (q, α, β)

we call the eigenvalues function (EVF) of the given family of operators
{L (q, α, β) , α ∈ (0, π) , β ∈ [0, π)}.

We investigated the properties of this function. In particular, we found
out that the uniqueness theorems (in inverse problems) of Ambarzumian,
Borg, Marchenko, McLaughlin-Rundell and some others, we can consider
as the properties of this real analytic function µq.

We also consider the constructive solution of inverse problem by EVF.
We introduce also the concept of eigenvalues function for Dirac canonical
operators.
We have proved the uniqueness theorems in inverse problems for Dirac
system. Their interpretations in terms of EVF are given.
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We consider the inverse spectral problem for the string equation

−u′′ = zp (x)u

given on the interval (0; 1), with self-adjoint boundary conditions and
partial information concerning a positive density function p ∈ W 2

1 [0, 1] ,
i.e. p′′ ∈ L1 [0; 1].

We investigate the situation where

1) the density p is known only on subinterval [a; 1] for some a ∈ (0; 1) ;

and

2) only a part of one spectrum is given.

Under the suitable condition on the density of this part of spectrum, we
have proved that the conditions 1) and 2) are sufficient the values of the
density function p to be uniquely determined on the entire interval [0; 1].

A similar result was obtained in [1], however we consider more general
boundary conditions.
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Let us denote by λ2
n (q, α, β), n = 0, 1, 2, . . . the eigenvalues of the Sturm-

Liouville problem L(q, α, β):

−y′′ + q (x) y = λ2y, x ∈ (0, π) , q ∈ L1
R [0;π] , λ ∈ C, (1)

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0;π) ,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ (0;π) .

By ϕ (x, λ, α) we denote the solution of (1), which satisfies the initial
conditions

ϕ (0, λ, α) = sinα,

ϕ′ (0, λ, α) = − cosα.

It is easy to see that

ϕn (x)
def
= ϕ (x, λn, α) , n = 0, 1, 2, . . .

are the eigenfunctions of L(q, α, β).

The quantities

an (q, α, β) =

π∫
0

|ϕn (x)|2dx, n = 0, 1, 2, . . .

are called the norming constants.

Theorem. Let

a) a real sequence λn has the form λn = n+ c
n + ln with c ∈ R, ln = o

(
1
n

)
,

and the function f (x) =
∞∑
n=1

ln sinnx be absolutely continuous on the

arbitrary subinterval [a; b] of (0; 2π),

b) a positive sequence an has the form an = π
2 +O

(
1
n2

)
, as n→∞.

Then there exist q ∈ L1
R [0;π], α ∈ (0;π), and β ∈ (0;π) such that

λ2
n = λ2

n (q, α, β), an sin2 α = an (q, α, β), n = 0, 1, 2, . . ..
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This result is an extension of the corresponding theorems which have been
proved in [1] - [4].
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Gelfand-Levitan (G.-L.) equation was constructed in [1] to solve the in-
verse Sturm-Liouville problem with the boundary conditions

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π) ,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ (0, π) .

In [1] the authors proved the uniqueness of the solution of G.-L. equation
using Levinson’s theorem on the completeness of the system {cosλnx}∞n=0

in L2 [0, π] under some conditions on {λn}∞n=0.

We consider the inverse Sturm-Liouville problem with the conditions
sinα = 0, sinβ 6= 0 or sinα 6= 0, sinβ = 0 and construct for these cases
the corresponding G.-L. equation. Levinson’s theorem is not sufficient
to prove the uniqueness of the solution of G.-L. equation in these cases,
however using the results of [2] we have managed to prove it.
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Let p be a continuous real function on R, satisfying the condition∫ ∞
−∞

(1 + |x|)|p(x)|dx <∞,

and L be a maximal Sturm-Liouville operator in L2(R) with potential p,
generated by the differential operation

Ly = − d2

dx2
y(x) + p(x) y(x).

Let {Vk}νk=1 be an orthonormal system of eigenfunctions of the operator
L, and the functions U−(x, λ), U+(x, λ) be eigenfunctions of the left and
right scattering problem, respectively.
Denoting by aij(λ), (λ2aij(λ) → 0λ → ∞, i, j = 1, 2) continuous func-
tions on R+, and by {ck}νk=1 complex numbers, we define a kernel K
by

K(x, t) =

∫ ∞
0

(a11(λ)U−(x, λ) + a12(λ)U+(x, λ))U−(x, λ)dλ +∫ ∞
0

(a12(λ)U−(x, λ) + a22(λ)U+(x, λ))U+(x, λ)dλ +

ν∑
k=1

ck Vk(x)Vk(t), x, t > 0. (1)

Note that the kernel satisfies the following partial differential equation

∂ 2

∂x 2
K(x, t)− p(x)K(x, t) =

∂ 2

∂t 2
K(x, t)− p(t)K(x, t) (2)

and corresponds to the particular case of the kernels of integral equations
on the segment, introduced into consideration in [1]. The idea to study
the corresponding equations on unbounded intervals (analogously with
the difference kernel equations, called L-convolution type) was partially
realized in the papers [2-4].
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In the report we study an integral operator I +K acting in L2(R+)

(I +K)y = y(x) +

∫ ∞
0

K(x, t)y(t) dt, x > 0 (3)

with the kernels of the type (1).
The method of studying the problem is based on a operator identity con-
necting the operator (3) with a singular integral inverse shift operator.
We obtain the Fredholmness criterion of the operator I + K and the
formula for its index in terms of functions aij , the left and right reflection
coefficient r+, r−, and the transmission coefficient t (see [5]).
In the simplest case q = 0 we have

K(x, t) = h(x− t) + l(x+ t), h ∈ L1(R), l ∈ L1(R+).

In case of reflectionless potential p, under the condition K(x, t− x)→ 0,
x→∞, t ∈ R, we present the solvability theory for the operator I +K.
As an example we consider the kernel corresponding to the reflectionless
potential p(x) = −2/ ch2(x).
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Let S be a compact Hermitian operator acting on a weakly complete
Banach space X. Then exp(itS) is an isometric representation of the group
R on X. It was shown by Lyubich in [1,2] that a system of eigenvectors
of S is complete if and only if for any x ∈ X and ϕ ∈ X∗ the function
ϕ(exp(itS)x) is Borh almost periodic on R. Further, the extensions of
this result for normal operators both in bounded and unbounded cases
was obtained in [3] and [4].
Let Ω be a locally compact space, µ be a measure on Ω. In the report,
using the methods of these papers we extend the mentioned results to the
representations generated by generalized shift (g.s.) on Ω.
Let us consider a family of operators τΩ = {τs, s ∈ Ω} ⊂ BL(L1(Ω, µ))
satisfying the specified properties as in [5,6].
Function f from the space Cb(Ω) of all bounded continuous functions is
called almost periodic with respect to g.s. on Ω, if the families of functions
{τsf} and {τ∗s f} are compact in Cb(Ω). We denote by CτAP (Ω) the set
of all continuous almost periodic functions with respect to τΩ which is a
Banach subalgebra of Cb(Ω).

We present the following results.

Theorem 1. Let X be a weakly complete Banach space, Ω be a locally
compact space equipped with a measure µ, and T be an isometric repre-
sentation of the space Ω in the space X generated by τΩ. A system of
eigenvectors of T is complete in the space X if and only if for any ϕ ∈ X∗
and x ∈ X the function ϕ(T (·)x) ∈ CτAP (Ω).

Theorem 2. Let X be a reflexive Banach space, Ω be a locally compact
space equipped with a measure µ, T be an isometric representation of the
space Ω in X generated by τΩ. Assume that each weight subspace Xχ (χ
being a character of the representation) is finite dimensional. If the system
of eigenvectors of T is complete, then there exists a complete system of
functionals which is biorthogonal to the union of the bases of all Xχ of T .
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As a nontrivial example of g.s. one can take a family of operators {τs}s∈R
related to the differential operator D,Du = u′′ − ρ(x)u, where ρ is an
entire function, even on R. For functions from C(2)(R2) such family can be
defined as the solution u(s, t) = τst f(t) of the partial differential equation

∂2u

∂s2
− ρ(t)u =

∂2u

∂t2
− ρ(s)u

with initial conditions

u(s, 0) = f(s),
∂u

∂t

∣∣∣∣
t=0

= 0.

A detailed survey of results concerning the problem can be found in [7].
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Let (ξt) =
{
ξt, t ∈ Zd

}
be a martingale-difference random field ([1]), i.e.

for any t ∈ Zd, E |ξt| <∞ and E
(
ξt
/
σ
(
ξs, s ∈ Zd\ {t}

))
= 0 a.s.

Let {Vn} be a sequence of increasing d-dimensional cubes with side length
n and let us put SVn =

∑
t∈Vn

ξt, n = 1, 2, .... The following central limit

theorem for martingale-difference random fields is known (see [2]).

Theorem 1. Let (ξt) be a homogeneous ergodic martingale-difference ran-
dom field such that 0 < σ2 = Eξ2

0 <∞. Then

lim
n→∞

P

(
SVn

σ · nd/2
< x

)
=

1√
2π

x∫
−∞

e−u
2/2du, x ∈ R1.

We present an estimate of convergence rate in the central limit theorem
for martingale-difference random fields under some additional conditions.

Let a function ϕI (ρ), ρ ∈ R1 be such that for any finite subset I of Zd,
ϕI (ρ) → 0 as ρ → ∞. Let =S = σ (ξt, t ∈ S) be a σ-field generated by
random variables ξt, t ∈ S, S ⊂ Zd. We say that a random field (ξt)
satisfyes uniform strong mixing condition with coefficient ϕI (ρ) if for any
fixed finite I ⊂ Zd

sup {|P (A/B)− P (A)| , A ∈ =I , B ∈ =V , P (B) > 0} ≤ ϕI (ρ (I, V )) ,

where ρ (I, V ) = inf {|t− s| , t ∈ I, s ∈ V }, |t− s| = max
1≤i≤d

∣∣t(i) − s(i)
∣∣.

The following theorem is the main result of our talk.

Theorem 2. Let (ξt) be a homogeneous martingale-difference random
field with finite phase space X, satisfying uniform strong mixing condition

with coefficient ϕI (ρ), such that ϕI (ρ) ≤ |I|ϕ (ρ) and
∞∑
j=1

jd−1ϕ (j) <∞,
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and let Mξ2
0 = σ2 > 0. Then

sup
x

∣∣∣∣∣P
(

SξVn
σnd/2

< x

)
− Φ (x)

∣∣∣∣∣ ≤ O (n−d/4) .
The next theorem, which is of independent interest, plays the basic role
in the proof of Theorem 2.

Theorem 3. Let (ξt) be a homogeneous martingale-difference random
field with finite phase space X. Then for any k = 1, 2, ...

M (SVn)
2k−1

= O
(
|Vn|k−1

)
.

If, in addition, the random field (ξt) satisfies the uniform strong mix-
ing condition with coefficient ϕI (ρ), such that ϕI (ρ) ≤ |I|ϕ (ρ) and
∞∑
j=1

jd−1ϕ (j) <∞, then for any k = 1, 2, ...

M (SVn)
2k

= (2k − 1)!!
(
Mξ2

0

)k |Vn|k (1 +O
(
|Vn|−1

))
.

To prove the second statement of the Theorem 3 we use the following
lemma.

Lemma 1. Under conditions of Theorem 3, for any k = 1, 2, ... and
integer m1,m2, ...,mk ≥ 0, the following inequality holds∑

t1, ..., tk ∈ Vn
t1 6= t2 6= ... 6= tk

∣∣Mξm1
t1 ξm2

t2 ...ξmktk −Mξm1
t1 Mξm2

t2 · ... ·Mξmktk
∣∣

≤ C |Vn|k−1
2n∑
j=1

jd−1ϕ (j),

where C > 0 is some constant.
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Introduction. We consider the problem of approximation of the solution
of the backward stochastic differential equation (BSDE) in the Markovian
case [1]. Such equations are widely used in financial mathematics. We
suppose that the trend coefficient of the diffusion process depends on
some unknown parameter and the diffusion coeffcient of this equation is
small. We propose an approximation of this solution based on the one-step
MLE of the unknown parameter and we show that this approximation is
asymptotically efficient in the asymptotics of “small noise”.
Main result. We consider the following model. The observed diffusion
process XT = (Xt, 0 ≤ t ≤ T ) satisfies the equation

dXt = S (ϑ, t,Xt) dt+ εσ (t,Xt) dWt, X0 = x0, 0 ≤ t ≤ T (1)

where ϑ ∈ Θ = (α, β). We are given two functions f (t, x, y, z), Φ (x) and
we have to find a couple of stochastic processes (Xt, Zt, 0 ≤ t ≤ T ) such
that the solution of the equation (backward SDE)

dYt = −f (t,Xt, Yt, Zt) dt+ Zt dWt, Y0, 0 ≤ t ≤ T (2)

at point t = T satisfies the condition YT = Φ (XT ). Let us introduce a
family of functions U = {(u(t, x, ϑ), t ∈ [0, T ] , x ∈ R) , ϑ ∈ Θ} such that
for all ϑ ∈ Θ the function u(t, x, ϑ) satisfies the equation

∂u

∂t
+ S(ϑ, t, x)

∂u

∂x
+
ε2σ(t, x)2

2

∂2u

∂x2
= −f

(
t, x, u, σ(x)

∂u

∂x

)
and condition u(T, x, ϑ) = Φ (x). We propose the following solution. Fix
some (small) δ > 0 and introduce the minimum distance estimator ϑ∗δ,ε
by the relation∫ δ

0

[
Xt − xt

(
ϑ∗δ,ε

)]2
dt = inf

ϑ∈Θ

∫ δ

0

[Xt − xt (ϑ)]
2

dt.

Here xt (ϑ) is solution of (1) with ε = 0. This estimator is consistent and
asymptotically normal (see Theorem 7.5 [2]).
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Let us introduce the one-step MLE

ϑ̃t,ε = ϑ∗δ,ε +
∆t

(
ϑ∗δ,ε, X

t
δ

)
+ ∆δ

(
ϑ∗δ,ε, X

δ
)

I
(
ϑ∗δ,ε, x

t
(
ϑ∗δ,ε

)) ,

where

∆t

(
ϑ,Xt

δ

)
=

∫ t

δ

Ṡ (ϑ, s,Xs)

σ (s,Xs)
2 [dXs − S (ϑ, s,Xs) ds] , t ∈ [δ, T ],

∆δ

(
ϑ,Xδ

)
= A (ϑ, δ,Xδ)−

∫ δ

0

A′s (ϑ, s,Xs) ds

− ε2

2

∫ δ

0

B′x (ϑ, s,Xs)σ (s,Xs)
2

ds−
∫ δ

0

Ṡ (ϑ, s,Xs)S (ϑ, s,Xs)

σ (s,Xs)
2 ds,

B (ϑ, s, x) =
Ṡ (ϑ, s, x)

σ (s, x)
2 , A (ϑ, s, x) =

∫ x

x0

B (ϑ, s, z) dz,

I
(
ϑ, xt (ϑ)

)
=

∫ t

0

Ṡ (ϑ, s, xs (ϑ))
2

σ (s, xs (ϑ))
2 ds.

The approximation of the solution of BSDE is given in the following the-
orem.

Theorem. Let the conditions of regularity be fulfilled then the processes
ˆ̂Yt = u

(
t,Xt, ϑ̃t,ε

)
, and Ẑt = εσ (t,Xt)u

′
x

(
t,Xt, ϑ̃t,ε

)
for the values

t ∈ [δ, T ] admit the representation

Ŷt = Yt + εu̇ (t,Xt, ϑ0) ξt (ϑ0) + o (ε) ,

Ẑt = Zt + ε2σ (t,Xt) u̇
′
x (t,Xt, ϑ0) ξt (ϑ0) + o

(
ε2
)
,

where the Gaussian process

ξt (ϑ0) = I
(
ϑ0, x

t (ϑ0)
)−1

∫ t

0

Ṡ (ϑ0, s, xs (ϑ0))

σ (s, xs (ϑ0))
dWs.

This estimators are asymptotically efficient (minimax) approximations of
the solution (Yt, Zt) of the BSDE (2).
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Introduction. In the last decades C∗-algebras generated by different
families of partial isometries whose range and initial projections satisfy a
specified conditions are in the focus of attention. Cuntz-Krieger algebra
is one of the classical examples of such algebras. C∗-algebra generated
by mapping also could be classed as ones. We are going to show that for
every Cuntz-Krieger algebra there is a C∗-algebra generated by mapping,
being the subalgebra of the first one.

Section 1. Cuntz in [1] considered the algebra On generated by a
family of noncommuting isometries S1, S2, . . . , Sn whose range projec-
tions are summed to the identity. The Cuntz-Krieger algebra construc-
tion (see [2, 3]) starts from a finite dimensional matrix A = (A(i, j)),
A(i, j) ∈ {0, 1}, such that every row and every column of A is non-zero.
C∗-algebra OA is then generated by partial isometries S1, S2, . . . , Sn whose
initial projections Qi and range projections Pi satisfy the relations

PiPj = 0(i 6= j), Qi =

n∑
j=1

A(i, j)Pj .

Cuntz algebra On arises in this way from the matrix with all A(i, j) = 1.

A construction of C∗-algebra generated by mapping was proposed in [4, 5].
The algebra C∗ϕ(X) is generated by a mapping ϕ : X −→ X, where
X is a countable set. The mapping ϕ is related to a family of partial
isometries {Uk} on l2(X). If cardinalities of preimages under the action of
ϕ are bounded in common, then C∗ϕ(X) is a singly generated algebra with
generator Tϕ, Tϕ(f) = f ◦ϕ (f ∈ l2(X)), which is a linear combination of
these partial isometries. The last satisfy the relations:{

U∗1U1 + U∗2U2 + · · ·+ = P1 + P2 + · · ·+ Pn = P ;
U1U

∗
1 + U2U

∗
2 + · · ·+ = Q1 +Q2 + · · ·+Qn = Q;

where P and Q are noncommuting projections defined by the mapping ϕ
and n = sup

y∈X
cardϕ−1(y).

Section 2. Let us fix a n×n matrix A with a property mentioned above.
Following [2], we define Ω to be a set of all infinite sequences {ξi} such that
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for every i, ξi does not exceed n and A(ξi, ξi+1) = 1. We consider l2(Ω)
with an orthonormal basis {eξ}ξ∈Ω, ξ = (ξ1, ξ2, . . .). Partial isometries

{Si}ni=1 act on l2(Ω) by the following way

Skeξ =

{
0, if ξ1 6= k;

eξ′ , ξ
′

= (ξ2, ξ3, . . .) if ξ1 = k;

and

S∗keξ =

{
eξ′ , ξ

′
= (k, ξ1, ξ2, . . .) if (k, ξ1, ξ2, . . .) ∈ Ω;

0, if (k, ξ1, ξ2, . . .) /∈ Ω.

Proposition. For every matrix A and family of partial isometries {Si}
with a property mentioned in the section 1 there exists a mapping
ϕ : Ω −→ Ω such that Tϕ = S1 + S1 + · · ·+ Sn.
We denote by C∗(A) the C∗-algebra C∗ϕ(Ω) generated by operator Tϕ.

Theorem. Let A be the matrix with all A(i, j) = 1. Then C∗(A) is
isomorphic to Toeplitz algebra.

Acknowledgement. Research is partially supported by RFBR grant
No 12-01-97016.
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In the report we describe the general form of bounded linear functionals
in some functional spaces, which are introduced by the following way.
Let M0 be a class of functions on the interval [0; 1] which are one-sided
continuous at the ends, and have one-sided finite limits f(t− 0), f(t+ 0)
at each point t ∈ [0; 1], so that f(t) = 1/2(f(t− 0) + f(t+ 0)).
If at a point t there exist both one-sided derivatives f ′− and f ′+, we will put
for (generalized derivative) f ′(t) = 1/2(f ′−(t) + f ′+(t)). The derivatives
(generalized) of a higher order are defined similarly.
Now we define inductively a decreasing family M0 ⊃ M1 ⊃ M2, . . . of
spaces. A function f belongs to Mn+1, if f ∈ Mn, and there exists the
generalized derivative f ′ ∈ Mn. Since the functions from all Mn are
bounded, the norm of f ∈Mn can be defined as ‖f‖n =

∑n
i=1 ‖f (i)‖, the

last norm being the sup-norm.
The following result describes the conjugate space of the just introduced
normed linear spaces Mn.

Theorem. Each bounded linear functional Ln on the space Mn has the
form

Ln(f) =

n∑
i=0

1∫
0

f (i)(t)dgn(t),

for some bounded variation functions gi, i = 0, 1, . . . , n.
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An algebra (Q; {+, ·, ,̄ ′, 0, 1}) with two binary, two unary and two nullary
operations is called a Boole-De Morgan algebra if (Q; {+, ·, ,̄ 0, 1}) is a De
Morgan algebra and (Q; {+, ·, ′, 0, 1}) is a Boolean algebra and the two
unary operations commute, i.e. (x)′ = (x′). This concept is introduced in
[1, 2] under the name of Boolean bisemigroup.
Let us consider some natural examples of Boole-De Morgan algebras. First
note that every Boolean algebra can be considered as a Boole-De Morgan
algebra with two equal unary operations.
For a Boolean algebra B = (Q; {+, ·, ′, 0, 1}) consider the direct product
B × B. Defining one more unary operation ¯ on the set Q × Q by
(x, y) = (y′, x′) we get the Boole-De Morgan algebra B×B.
The set T (A) of binary term operations of the nontrivial lattice A is a
Boole-De Morgan algebra (of order 4) with the operations defined below.
For any binary terms f(x, y) and g(x, y) the binary operations are defined
as the binary superpositions:

(f + g)(x, y) = f(x, g(x, y)), (f · g)(x, y) = f(g(x, y), y).

The nullary operations are the terms y and x. The unary operations
are the commutation and dualization. The commutation is defined by
f(x, y) = f(y, x). To get the dual term f ′(x, y) of a binary term f(x, y) we
change all variables x by y and vice versa, and also change all operations
+ by · and vice versa. So we obtain the Boole-De Morgan algebra T (A).
(For applications of binary superpositions see [3, 4, 5, 6].)
Let B = (Q; {+, ·, ′, 0, 1}) be a Boolean algebra. Denote its dual Boolean
algebra by Bop, i.e. Bop = (Q; {·,+, ′, 1, 0}). Consider the direct product
B × Bop = (Q × Q; {∨,∧, ′, (0, 1), (1, 0)}) where (x1, y1) ∨ (x2, y2) =
(x1 +x2, y1 · y2), (x1, y1)∧ (x2, y2) = (x1 ·x2, y1 + y2), (x1, y1)′ = (x′1, y

′
1)

for any x1, x2, y1, y2 ∈ Q. Defining one more unary operation ¯ on the set
Q×Q by (x, y) = (y, x) we get the Boole-De Morgan algebra B×Bop.

Suppose A = (Q; {+, ·, ,̄ ′, 0, 1}) is a Boole-De Morgan algebra. From
Stone’s representation theorem for Boolean algebras it follows that there
exists a set I such that the Boolean algebra (Q; {+, ·, ′, 0, 1}) is isomorphic
to a subalgebra of the Boolean algebra (2I ; {∪,∩, ′,Ø, I}) = B where for
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a set X ⊆ I we define X ′ = I \ X. Let σ : Q → 2I be an embedding
of the mentioned Boolean algebra in B. We define an embedding of the
Boole-De Morgan algebra A in the Boole-De Morgan algebra B×Bop by
the following rule:

ϕ(s) = (σ(s), σ(s)), s ∈ Q.

For a Boole-De Morgan algebra (Q; {+, ·, ,̄ ′, 0, 1}) we define one more
unary operation ∗ by the following way: x∗ = (x)′ = (x′). It is easy to
see that (x + y)∗ = x∗ + y∗, (x · y)∗ = x∗ · y∗, x∗ = (x)∗, (x∗)′ = (x′)∗.
Thus the mapping x → x∗ is an automorphism of the Boole-De Morgan
algebra (Q; {+, ·, ,̄ ′, 0, 1}). Also it is easy to see that x∗ = x if and only
if x′ = x.
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We use the following notations. For any two angles 0 ≤ α, β ≤ π
2 we put

G(α, β) = {(n,m) : mn ∈ (tanα, tanβ)}, and let

SG(α,β)(x, y,W, f) =
∑

(n,m)∈G(α,β)

anmwn(x)wm(y)

SG(α,β)(x, y, χ, f) =
∑

(n,m)∈G(α,β)

anmχn(x)χm(y),

where the systems {wn, n = 1, 2, . . .} and {χn, n = 1, 2, . . .} are respec-
tively Walsh and Haar.

In the report we present the following results.

Theorem 1. For any sequence of angles αk ↘ 0 there exists a function
f ∈ L2(0, 1) such that SG(αk,

π
2 )(x, y, χ, f) diverges a.e. on [0, 1].

Theorem 2. For any sequence of angles αk ↘ 0 there exists a function
f ∈ L2(0, 1) such that SG(αk,

π
2 )(x, y,W, f) diverges a.e. on [0, 1]

Theorem 3. For any sequence of angles αk ↘ 0 there exists a function
f ∈ L2(0, 1)2 such that

sup
1≤m≤n

|
m∑
k=1

SG(αk,
π
2 )(x, y,W, f)| ≥ c log2 n.
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Let Vn be the n-dimensional Riemann space, equipped with the metric
ds2 = ga1b1(uc1)dua1dub1 + ga2b2(uc2)dua2dub2 , where a1, b1, c1 = 1, n1,
and a2, b2, c2 = n1 + 1, n. Obviously, the space V n is the Cartesian prod-
uct of two completely orthogonal positional manifolds V n1 and V n2 , where
n = n1 + n2.

In the report we present the following results.

Theorem 1. In order a coordinate grid of a decomposable space Vn be
Chebyshev it is necessary and sufficient that the coordinate grids on the
positional manifolds V n1 and V n2 be Chebyshev.

Let Xm be a surface in V 2m with the projections Xm
1 and Xm

2 on basis
manifolds. Assuming this we have.

Theorem 2. Let the projections Xm
1 and Xm

2 are in affine correspon-
dence. Then if the coordinate grid on one of them is Chebyshev, then the
coordinate grids on the other two surfaces are also Chebyshev.

Theorem 3. Let the coordinate grids on any two of Xm, Xm
1 and Xm

2

surfaces are Chebyshev. Then the coordinate grid of the third surface will
be Chebyshev as well.

Theorem 4. Let the surface Xm be completely geodesic in V 2m and let
the coordinate grid on one of Xm, Xm

1 and Xm
2 surfaces is Chebyshev.

Then the coordinate grid on the other two surfaces is also Chebyshev.
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In quantum physics, along with the spatial symmetries, so called inter-
nal symmetries (gauge symmetries in abstract spaces) also play an im-
portant role. These symmetries are described by a compact group G of
gauge transformations of the first kind, and are associated with an abso-
lutely conserved quantities: generalized charges (electrical, baryonic, etc)
in the case of an Abelian group, and the ”isotopic charges” in non-Abelian
case. Such a symmetry is identified by the dynamical superselection rules
[1], prohibiting any transitions between different superselection subspaces
(sectors) that are in one-to-one correspondence with the spectrum of G
(the set of classes of irreducible unitary representations of G).

However, in physical systems which description is based on the theory
of nets of abstract C∗-algebras of local observables (for example, in al-
gebraic field theory), the study of superselection rules leads to the study
of localized endomorphisms ρ, but not to representations of the group G.
Such endomorphisms, due to localization, allow to select only those rep-
resentations of the global algebra A of observables which satisfy a certain
criteria of selection (the criteria of Doplicher-Haag-Roberts and Buchholz-
Fredenkhagen). In this case, the endomorphisms ρ of A are generated
by the finite dimensional Hilbert spaces Hρ (generated by isometries ψi
(i = 1, 2, ..., d), namely, by the generators of Cuntz algebra).

The set of such endomorphisms forms a symmetric C∗-category of mor-
phisms with intertwining operators as arrows [2]. We can define three
algebraic operations in this category which are necessary ingredients of
superselection structure: conjugation, permutation symmetry and com-
position of charges. This construction allows to build superselection the-
ory on a strong mathematical basis, where the operation of passing to an
antiparticle, the statistics of particles and the addition of charges give a
clear physical interpretation to these mathematical operations. Moreover,
the construction of the theory of superselection sectors in such way allows
to involve into consideration the notion of crossed product of the algebra
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of observables with a compact group, and to construct the algebra of fields
satisfying the Bose-Fermi statistics [3].

The main task of our work was to obtain specific representations of per-
mutations θ and intertwining operators T1 ∈ (ρ1, ρ

′
1), T2 ∈ (ρ2, ρ

′
2) of

the nontrivial endomorphisms ρ of the Cuntz algebra, and thereby to de-
termine the permutation symmetry for localized endomorphisms of the
fermionic (nucleon) system.
These endomorphisms are generated by linear transformations in the Fock
space of the system ϕi(f), ϕ∗i (f) (i = 1, 2, ..., n), where f is a test function
from the space of functions with compact support. These operators which
generate the Fock representation of fermions are obtained with the help of
representations of Cuntz algebra, using the so-called recursive technique
proposed in [4].
It is also shown that the resulting unitary operators θ(H%, Hρ′) from
(HρHρ′ , Hρ′Hρ), and T1 ◦ T2 ∈ (ρ1ρ2, ρ

′
1ρ
′
2), all satisfy the requirements

for such operators (see e.g. the equations (3.15− 3.18) given in [2]).
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Is there a one-to-one correspondence between bounded convex bodies D
and their chord length distribution functions FD(x)? It was an old ques-
tion of W. Blaschke whether the random chord length determine the con-
vex body D uniquely up to a rigid motion (see [1]). This was disproved by
Mallow and Clark (see [2]), who constructed two non-congruent bounded
convex 12-gons with the same chord length distribution.
Another method consists of the consideration of chord length measure-
ments not in the completely mixed form of the distribution but in pre-
serving information about the line which generates the chord (see [3] and
[6]). The applications in both geometric and computer tomography are
well known (see [4]). For example, we can consider the case when the
orientation and the length of the chords are observed. We refer to it as
the orientation-dependent chord length distribution, that is for any fixed
direction the distribution of the chord length is considered.
Let D be a convex body in n-dimensional Euclidean space Rn, that is a
compact, convex subset ofRn, with nonempty interior. The n-dimensional
Lebesgue measure in Rn is denoted by Ln(·). Various questions arise if
one consider for each u ∈ S(n−1) (the unit sphere centered at the origin
of Rn) the distribution of the length of the uniform random chord of the
convex body D, with direction u. If h ∈ Rn, then D + h denotes the
translation of D by h. The covariogram of a convex body D ⊂ Rn is the
function C(D,h) = Ln(D ∩ (D + h)).
In [5] G.Matheron conjectured that a planar convex body is uniquely de-
termined (within the class of convex bodies) by its covariogram, up to
translation and reflection.

G. Bianchi (see [7]) found counterexamples to the covariogram conjecture
in dimensions greater than or equal to 4, and a positive answer for three-
dimensional polytopes. The general three-dimensional case is still open.
Denote by FD(u, x) orientation-dependent chord length distribution func-
tion. Determination of convex body D by these distributions for all direc-
tions, is equivalent to the determination by its covariogram. G.Matheron
(see [5]) obtained relationship between FD(u, x) and the covariogram. To
obtain an explicit form of the covariogram for any convex body is very
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difficult problem, but we can obtain covariograms for a subclass of con-
vex bodies. The presence of these forms helps to solve many probabilistic
problems, in particular calculate explicit forms of chord length distribu-
tion functions FD(x) and FD(u, x) (see, for instance, [8]). There exists a
one-to-one corresponding between the set of all bounded convex bodies D
and their FD(u, x) chord length distribution functions up to translations
and the reflection.

The explicit form of covariogram for subclasses of convex bodies allows
to obtain new properties of covariogram and generalizing these results we
can determine what functions could be the covariograms of convex bodies.
It is proved in [8] that for any finite A from S1 there are two non-congruent
domains for which orientation-dependent chord length distribution func-
tions coincide for any direction from A (see also [9]). Moreover, in [8]
explicit forms for covariogram and FD(u, x) for triangle are obtained. Fi-
nally, if we have the values of FD(u, x) for a dense set from S1 then we
can uniquely recognized the triangle (see [8]).
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For arbitrary variety Θ of algebras, it is denoted by Θ0 the category of
all free in Θ algebras W = W (X) with finite set of generators X.
The study of automorphisms of the category Θ0 is connected with the
study of automorphisms of the semigroups End(W ),W ∈ Ob(Θ0). The
group of automorphisms Aut(W ) consists of invertible elements of the
semigroup End (W ). There is an embedding Aut(W ) → Aut(End(W )).
The image of Aut(W ) is the group of all inner automorphisms of the
semigroup End(W ).
The semigroup of endomorphisms End(G) of a group G consists of all
homomorphisms

End(G) = {ϕ : G 7→ G|ϕ is a homomorphism}.

There is a map Aut(G) 7→ Aut(End(G)) given as follows:

∀ϕ ∈ Aut(G), ϕ 7→ iϕ,

where
iϕ : End(G) 7→ End(G)

and
iϕ(α) = ϕ ◦ α ◦ ϕ−1.

Automorphisms of categories of free algebras for different varieties Θ and
W ∈ Ob(Θ0) were considered by various authors (see, f.e., [1]-[3]).

We study automorphisms of the category of free periodic groups.

Definition 1. An automorphism ϕ : C 7→ C is called hereditary if for
every A ∈ Ob(C) the objects A and ϕ(A) are isomorphic.

Let ϕ be a substitution on objects of the category C such that A and
ϕ(A) are isomorphic for every A ∈ Ob(C). Let us consider a function s
that chooses an isomorphism s(A) : A 7→ ϕ(A) for any object A.
Define an automorphism ŝ : C 7→ C by the rule:

1. ŝ(A) = ϕ(A), for every object A.
2. For every morphism ν : A 7→ B, ŝ(ν) = sBνsA

−1 : ϕ(A) 7→ ϕ(B).
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Definition 2. An automorphism ϕ : C 7→ C of category is called inner if
1. ϕ is a hereditary automorphism.
2. For the substitution ϕ there exists a function s such that ϕ = ŝ.

The equality ŝ(ν) = ϕ(ν) = sBνsA
−1 can be written as a commutative

diagram,

A
ν //

sA

��

B

sB

��
ϕ(A)

ϕ(ν) // ϕ(B).

The diagram means the natural transformation of functors s : 1C 7→ ϕ is
an isomorphism of functors. Thus, an automorphism ϕ : C 7→ C is inner,
if and only if ϕ is isomorphic to the identity automorphism 1C : C 7→ C.
Note that two automorphisms ϕ1, ϕ2 : C 7→ C are isomorphic if and only
if ϕ1

−1ϕ2 is inner.

Definition 3. A variety Θ is called perfect if the category of free algebras
Θ0 is perfect, that is, if every automorphism ϕ : Θ0 7→ Θ0 is inner.

We study the question of perfectness of the variety Bn of all n - periodic
groups with odd exponent n ≥ 1003. In this category the category Bn

0

of all free in Bn algebras is exactly the category of free periodic (free
Burnside) groups B(m,n) = B(|X|, n), where X is a finite group alphabet
(|X| = m).
For this category we obtained the following result.

Theorem. The variety of n-periodic groups is perfect for any odd period
n ≥ 1003.
It should be noted that the perfectness of the variety of all groups was
proved in [3].
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Introduction. The following notations are used:
B = {x ∈ Rn : |x| < 1} stands for the open unit ball in Rn and
S = {x ∈ Rn : |x| = 1} for its boundary, i.e. the unit sphere in Rn;
h(B) means the vector space of complex-valued functions which are har-
monic in B with the usual pointwise addition and scalar multiplication;
σ stands for the Lebesgue measure of the area element on S normed by
the condition σ(S) = 1.

A positive continuous decreasing function ϕ on [0, 1) is called weight func-
tion if limϕ(r) = 0, as r → 1, and a positive finite Borel measure η on
[0, 1) is called weighting measure if it is not supported in any subinterval
[0, ρ), 0 < ρ < 1. Let h∞(ϕ) be the Banach space of functions u ∈ h(B),
with the norm ‖u‖ϕ = sup{|u(x)|ϕ(|x|) : |x| < 1} and let h0(ϕ) be the
closed subspace of functions u with |u(x)| = o

(
1/ϕ(|x|

)
) as |x| → 1.

It has been shown by Rubel and Shields, [1] that h∞(ϕ) is isometrically
isomorphic to the second dual of h0(ϕ). It was posed and solved in [2] the
duality problem of finding a weighting measure η such that

h1(η) =
{
v ∈ L1(dη(r) dσ) : v ∈ h(B)

}
represents the intermediate space, the dual of h0(ϕ) and the predual of
h∞(ϕ), i.e. h1(η) ∼ h0(ϕ)∗ and h1(η)∗ ∼ h∞(η). In this duality relations
the pairing is given by

〈u, v〉 =

1∫
0

∫
S

u(rζ)v(rζ)ϕ(r) dσ(ζ) dη(r), u ∈ h∞(ϕ), v ∈ h1(η). (1)

In the indicated articles [1] and [2] the case n = 2 is considered. It is
well known that in this case every harmonic function h has an expansion
in a series on degrees z and z in the unit disk |z| < 1, since real-valued
h ∈ h(B) is a real part of a holomorphic function. It allows to apply the
methods of complex analysis.
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It is shown in [3] that the duality problem is solvable in spaces of function
which are holomorphic in the unit ball of Cn if ϕ is normal. The essential
part of the definition of ”normal” is that 1/ϕ(r) grows slower than some
power of 1/(1− r) but faster than some other power.

In the report, we consider duality problem for the case of harmonic func-
tions in the unit ball of Rn, n > 2. The multidimensional case has the
specifics in the sense that we can not speak about connection between
harmonic and holomorphic functions, and instead of degrees z and z we
deal with spherical harmonics.
We use the same approach to the duality problem as in [4]. This approach
is based on establishing a certain integral operator from L∞(dη(r) dσ) to
h∞(ϕ) is a bounded projection. The kernel of the integral operator is
the reproducing kernel (see [5] for details) associated with the bilinear
form (1). It is supposed that weight function grows more slowly than
some power of 1/(1− r). Thus, we have a solution of duality problem for
non-normal weight functions as

ϕ(r) =

(
ln

e

1− r

)−α
, α > 0.
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Introduction. Colored Petri Nets(CPN) is a generalization of the Clas-
sical PN, created by K. Jensen [1, 2, 3]. CPN is a graphical oriented
language for design, specification, simulation and verification of systems
[3]. Particularly, it is well-suited for systems that consist of a number
of communicated and synchronized processes. Typical examples of ap-
plications are communication protocols, distributed systems, automated
production systems, work flow analysis.
Definition. CPN is a nine-tuple (Σ, P, T,A,N,C,G,E, I), where:
1. Σ is a finite set of non-empty types, also called color sets.
2. P is a finite set of places.

In the associated CPN Tool they are depicted as ovals/circles.
3. T is a finite set of transitions.

In the associated CPN Tool they are depicted as rectangles.
4. A is a finite set of arcs: P ∩ T = P ∩A = T ∩A = ∅.
5. N is a node function, defined from A into P × T ∪ T × P .
6. C is a color function, C : P → Σ :

t ∈ T : [Type(G(t)) = B&Type(V ar(G(t))) ⊆ Σ].
7. G is a guard function. It is defined from T into expressions as

t ∈ T : [Type(G(t)) = B&Type(V ar(G(t))) ⊆ Σ].
8. E is an arc expression function:

∀a ∈ A : [Type(E(a)) = C(p)MS&Type(V ar(E(a))) ⊆ Σ].
9. I is an initialization function: ∀p ∈ P : [Type(I(p)) = C(p)MS ].
The distribution of tokens, called marking, in the places of a CPN deter-
mines the state of a system being modeled.
The dynamic behavior of a CPN is described in terms of the firing of
transitions. The firing of a transition takes the system from one state to
another. A transition is enabled if the associated arc expressions of all in-
coming arcs can be evaluated to a multi-set, compatible with the current
tokens in their respective input places, and its guard is satisfied.
Unlike Regular languages there are Context-free languages, which are not
languages of PN. As an example we note the following ([1, 4]):

{ωωn/ω ∈ Σ∗, Σ = {a, b}} .
This fact illustrates the limitation of PN as a language generated tool.
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It is impossible in PN to remember arbitrarily long sequence of characters.
However, in PN finite length sequences could be remembered (which is
also possible in finite automata) [1]. However, PN have not the ”capacity

Figure 1: Modeling {ωωn/ω ∈ Σ∗, Σ = {a, b}} CF language by CPN.

of pushdown memory” which is necessary for the generation of Context-
free (CF) languages. The interrelation of languages of PN with other
classes of languages was studied by Ven [1].
The figure 1 shows a CPN, which generates the {ωωn/ω ∈ Σ∗, Σ = {a, b}}
language which means that CPN is more powerful than the Classical PN.
To understand types of data used in the Figure, it is necessary to give
a declaration. One of the output ranges of {ωωn/ω ∈ Σ∗, Σ = {a, b}}
language is the following: abaaba or babbab. Figure 1 models the first
range. If transition-names are changed to each other, it will be generated
the second one.
As a conclusion: CPN, due to its important properties, are more comfort-
able for system-modeling mentioned above.
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We present a new approach to the construction of point processes of clas-
sical statistical mechanics as well as processes related to the Ginibre Bose
gas of Brownian loops and to the dissolution in Rd of Ginibre’s Fermi-
Dirac gas of such loops. This approach is based on the cluster expansion
method. We obtain the existence of Gibbs perturbations of a large class
of point processes. Moreover, it is shown that certain ”limiting Gibbs
processes” are Gibbs in the sense of Dobrushin, Lanford and Ruelle if the
underlying potential is positive. Finally, Gibbs modifications of infinitely
divisible point processes are shown to solve a new integration by parts
formula if the underlying potential is positive.

We reconsider the problem of construction of interacting point processes
which are of importance in statistical physics. They include Gibbs pro-
cesses of classical statistical mechanics and processes which are associated
to continuous quantum systems in the sense of Ginibre, the so-called gases
of winding Brownian loops.
Earlier approaches can be found in the works of Kondratiev et al. in the
case of Boltzmann statistics, and in the thesis of Kuna. But several ques-
tions are left open here. The method we use is a new version of cluster
expansions which had been developed in [2, 4] and which is summarized
in our main theorem.
By combining this method with the abstract cluster expansions from [1]
we then construct limiting interacting processes in the context of statisti-
cal mechanics. As a first application we consider the interacting quantum
Bose gas in Feynman-Kac representation. This yields a point process cor-
responding to the Bose gas of interacting winding loops.
One of the main assumptions of the next result is the positivity of the
reference measure. This is not the case for the Fermi loop gas where ap-
pears a signed reference measure. Therefore assuming hypothetically the
existence of a cluster process for the Fermi gas of polygonal loops, and
dissolving clusters into its particles, one would obtain a Gibbs modifica-
tion of a determinantal point process in Euclidean space. We are able to

88



construct this process by means of our method. Such processes in a more
general setting are presented in the work. As examples we consider Gibbs
modifications of the Poisson as well as determinantal and permanental
processes.
We also show that under natural regularity conditions the limiting pro-
cesses are Gibbs in the sense of Dobrushin/Lanford/Ruelle (DLR) if the
underlying interaction is positive. Finally, it is shown that Gibbs modifi-
cations with positive pair potential of infinitely divisible point processes
solve a new integral equation involving the Campbell measure of the
process. This equation generalizes the integration by parts formula of
X.X. Nguyen et al. [3] which is equivalent to the DLR-equation. Exam-
ples of such processes are Gibbs modifications of the ideal Bose gas.

References

[1] S. Poghosyan, D. Ueltschi, Abstract cluster expansion with applications
to statistical mechanical systems. J. Math. Phys., 50, 053509, 2009.

[2] B. Nehring, Point processes in Statistical Mechanics: A cluster expan-
sion approach. Thesis, Potsdam University, 2012.

[3] X.X. Nguyen, H. Zessin, Integral and differential characterizations of
the Gibbs process. Math.Nachr., 88: 105-115, 1979.

[4] B. Nehring, Construction of point processes for classical and quantum
gases. Preprint, 2012. Accepted for publication in J. Math. Phys.

[5] J. Mecke, Random measures, Classical lectures. Walter Warmuth
Verlag, 2011.

[6] K. Matthes, J. Kerstan, J. Mecke, Infinitely divisible point processes.
Wiley, 1978.

89



Alexandiran AMU 2013 Annual Session

On a problem for two-dimensional Dirac’s
system

G.G. Sahakyan

Artsakh State University, Stepanakert
E-mail: ter saak george@mail.ru

We consider the following boundary problem for two-dimensional Dirac’s
system [1], [2]:

`y = λy, y =


y1

y2

y3

y4

 , (1)

y4(0) = h1y1(0), (2)

y3(0) = h2y2(0), (3)

where

` = S
d

dx
+ Ω(x), S =

1

i
σ1, Ω(x) = σ2p(x) + σ3q(x) + σ4r(x),

σi (i = 1, 2, 3, 4) being Dirac matrices:

σ1 =


0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

 , σ2 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ,

σ3 =


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 , σ4 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ,

p, q, r ∈ C[0,∞), hi (i = 1, 2) are arbitrary complex numbers, λ is a
parameter.

Let

A1 = S
d

dx
+ Ω(x), A2 = S

d

dx
, 0 ≤ 0 <∞,

and let E denote the space of four-component vector-functions

f(x) =


f1(x)
f2(x)
f3(x)
f4(x)

 , 0 ≤ x <∞
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which are continuous and have continuous first derivatives, E1 and E2

are subspaces of E consisting of vector-functions, satisfying the boundary
condition

f4(0) = h1f1(0), f3(0) = h2f2(0).

Definition. Linear invertible operator ( 4× 4 matrix ) X, defined on the
whole E and acting from E1 to E2 is called transformation operator for a
pair of operators A1 and A2, if the following conditions are satisfied:

1. Operator X and its inverse X−1 are continuous on the space E.

2. The identity A1X = XA2 holds.

Theorem. Operator X, transforming E1 onto E2, is implemented as

Xf(x) = f(x) +

∫ x

0

L(x, t)f(x)dt. (4)

Kernel-matrix L(x, t) of the operator (4) is a solution of the differential
equation

SL′x(x, t) + L′t(x, t)S = −Ω(x)L(x, t) (5)

and satisfies the conditions

L(x, x)S − SL(x, x) = Ω(x), (6)

L(x, 0)SH = 0, H =


1
1
h2

h1

 . (7)

Conversely, if kernel-matrix L(x, t) is a solution of the problem (5)-(7),
then operator X, defined by the formula (4), is a transformation operator
for the pair of operators A1 and A2, acting from E1 to E2.
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In 1814 C. F. Gauss published his famous quadrature formula of the high-
est algebraic degree of accuracy. The Gaussian formula opened the central
direction in numerical analysis devoted to the construction of approxima-
tion methods of a given form that are exact for all polynomials of the
highest possible degree. The Gaussian setting reflected the classical un-
derstanding that regards the algebraic polynomials as simple and nice
functions which can easily be differentiated, integrated, and evaluated at
any point. Moreover, by the Weierstrass theorem, an arbitrary continu-
ous function can be approximated by polynomials with arbitrary accuracy.
For this reason, every approximation method which is good for a broad
class of polynomials was regarded as a good method. Starting from the
very appearance of the first computers, one can see an active considera-
tion of theoretical problems related to the solution of extremal problems
on classes of functions.
At that time (in the 1940s) A. Kolmogorov posed the following problem:
Construct a quadrature formula of a given type that has minimal error on
a given class of functions.
However, the optimal quadrature formulas may not be unique. More in-
formation about this can be found in a review article of B. Boyanov, [1].
The main part of the report is devoted to the quadrature and cubature
formulas of Hermitian type with the highest trigonometric degree of ac-
curacy. The report provides some quadrature and cubature formulas of
Hermitian type, obtained by the author. The convergence of the quadra-
tures is studied, as well as error estimates. The numerical analysis of
the formulas is held. The obtained formulas are compared with some
well-known formulas.
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The main object of the present talk is the ordinary differential equation

Su ≡ (−1)m(tαu(m))(m) + a(tα−1u(m))(m−1) + ptα−2mu = f, (1)

where m ∈ N, t ∈ (0, b), α ≥ 0, α 6= 1, 3, . . . , 2m − 1, a and p are real

constants, f ∈ L2,−α, i.e., ‖f‖2L2,−α
=
∫ b

0
t−α|f(t)|2 dt <∞.

Let Ẇm
α be the completion of Ċm := {u ∈ Cm[0, b], u(k)(0) = u(k)(b) = 0,

k = 0, 1, . . . ,m− 1} in the norm ‖u‖2
Ẇm
α

=
∫ b

0
tα|u(m)(t)|2 dt. It is known

(see, for instance, [4]) that for β ≥ α−2m there is a continuous embedding
Ẇm
α ↪→ L2,β , which is compact for β > α− 2m .

Definition 1. A function u ∈ Ẇm
α is called generalized solution of the

equation (1) if for every v ∈ Ẇm
α the following equality holds

(tαu(m), v(m)) + a(−1)m−1(tα−1u(m), v(m−1)) + p(tα−2mu, v) = (f, v),

where (·, ·) stands for the scalar product in L2(0, b).

Let d(m,α) = 4−m(α− 1)2(α− 3)2 · · · (α− (2m− 1))2. Observe, that we

have exact inequality
∫ b

0
tα−2m|u(t)|2 dt ≤ d(m,α)

∫ b
0
tα|u(m)(t)|2 dt, for

u ∈ Ẇm
α .

Theorem 1. Let the following condition be fulfilled

a(α−1)(−1)m > 0, d(m,α)+
a

2
(α−1)(−1)md(m−1)(α−2)+p > 0. (2)

Then the equation (1) has a unique generalized solution for every
f ∈ L2,−α.

Define an operator S : L2,α → L2,−α corresponding to the Definition 1
(see [2], [4]). Denote S := t−αS,D(S) = D(S). Thus, we get an operator
in the space L2,α.

Theorem 2. Under the assumptions of the Theorem 1, the inverse oper-
ator S−1 : L2,α → L2,α is compact.
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For the case a(α− 1)(−1)m > 0, let us consider the equation

Tv≡(−1)m(tαv(m))(m)−a(tα−1v(m−1))(m)+ptα−2mv = g, g ∈ L2,−α. (3)

Definition 2. We say that v ∈ L2,α is the generalized solution of (3) if
for every u ∈ D(S) the following equality holds

(Su, v) = (u, g).

Let g = tαg1, g1 ∈ L2,α.
Then, as above, we obtain an operator T : L2,α → L2,α, D(T) = D(T ).
Note that it is adjoint to the operator S, i.e., T = S∗.

Theorem 3. If the condition (2) is fulfilled then a generalized solution
of the equation (3) exists and is unique, for every g ∈ L2,−α. Moreover,
the inverse operator T−1 : L2,α → L2,α is compact.

At last, we note that for u ∈ D(S) we have only finiteness of the value
tα−1|u(m−1)(t)|2|t=0, while for u ∈ D(T ) this value is equal to zero. This
is some analogue of the Keldysh effect (see [1], [3]).
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Introduction. In the report the Sturm - Liouville operator on the finite
interval is considered. For special boundary conditions a group of invari-
ant transformations preserving the operator’s spectrum is constructed.
This result permits to find out conditions under which the spectrum is
discrete. The influence of this group on the inverse problem is discussed.
Similar results one can find in [ 1 - 7 ].

The following results are presented.

Theorem 1. Let the operator

−y′′(x) = λp(x)y(x), −1 < x < 1,

with boundary conditions y(−1) − ay′(−1) = 0, y(1) + by′(1) = 0 have
discrete spectrum. If 2a + a2 = 0 and 2b + b2 = 0, then for arbitrary
x0 ∈ (−1, 1) the potential function

(1− x2
0)2

(1− xx0)4
p

(
x− x0

1− xx0

)
generates an operator with the same spectrum as p(x) does.
If the additional condition a = b holds, the potential function p(−x)
generates an operator with the same spectrum.

Theorem 2. Let p(x) ≥ 0 be a measurable function, −1 ≤ x ≤ 1.
Then the spectrum of the operator

−y′′(x) = λp(x)y(x), −1 ≤ x ≤ 1,

with the boundary conditions y(−1) = y(1) = 0 is discrete in the space of

functions for which
∫ 1

−1
|y′(x)|2 dx <∞ if and only if

sup
|x|<1

∫
2|t−x|<1−|x|

√
p(t)dt <∞

and lim|x|→1−
∫

2|t−x|<1−|x|

√
p(t)dt = 0.

Theorem 3. Let p(x) ≥ 0 be a measurable function, −1 ≤ x ≤ 1.
Then the spectrum of the operator

−y′′(x) = λp(x)y(x), −1 ≤ x ≤ 1,
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with boundary conditions y(−1) = y(1) = 0 is discrete in the space of

functions for which
∫ 1

−1
y2(x)(1− x2)−2dx <∞ if and only if

sup
|x|<1

(
(1− |x|)3

∫
2|t−x|<1−|x|

p2(t)dt

)
<∞.

and

lim
|x|→1−

(
(1− |x|)3

∫
2|t−x|<1−|x|

p2(t)dt

)
= 0.

Theorem 4. Let the real numbers a, b satisfy the condition

(1− (a+ 1)2)(1− (b+ 1)2) > 0.

Let x0 = (a − b)/(a + b + ab) ∈ (−1, 1), (we put x0 = 0 if a = b). Let
p(x) > 0 be a continuous differentiable function satisfying the condition

(1− x2)2p(x) = (1− y2)2p(y), x, y ∈ (−1, 1),
x+ y

1 + xy
= x0.

Let λ0 < λ1 < λ2 < . . . be the spectrum of the operator

−y′′(x) = λp(x)y(x), y(−1)− ay′(−1) = 0, y(1) + by′(1) = 0.

Then there is no other potential function p(x) satisfying the conditions
given above and generating the operator with the same spectrum.

References

[1] M. Krein, I. Katz, A criteria of discreteness for the singular string.
Izvestia Vuzov, 2(3): 136-153, 1958 (in Russian).

[2] M. Krein, The solution of the Sturm-Liouville inverse problem. Proc.
of Acad. of Sci. of the URSS, 76(1): 21-24, 1951 (in Russian).

[3] E.L. Isaacson, E. Trubowitz, The inverse Sturm-Liouville problem 1.
Communications on Pure and Applied Math., 26: 767-783, 1983.

[4] J. Poschel, E. Trubowitz, Inverse Spectral Theory. Academic Press,
130, Pure and Applied Mathematics, 1987.

[5] A. Vagharshakyan On the spectrum of the Sturm-Liouville operator.
KTH Stockholm Preprint TRITA-MAT-2000-09, Apr 2000.

[6] V. Maz’a, T. Shaposhnikova, The multiplicators in the spaces of dif-
ferentiable functions. St. Petersburg University Press, 1986.

[7] V. Marchenko, Sturm-Liouville operators and they applications. Kiev,
1977.

96


